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Abstract. The effects of alkaline-earth metal elements Ca, Sr, and Ba on the electronic structure and
thermoelectric properties of b-Zn4Sb3 were investigated by performing self-consistent ab initio electronic
structure calculations within density functional theory and solving the Boltzmann transport equations within
the relaxation time approximation. The results demonstrate that these alkaline-earth metal elements with s
orbitals could introduce giant sharp resonant peaks in the electronic density of states (DOS) near the host
valence band maximum in energy. And these deliberately engineered DOS peaks result in a sharp increase of the
room-temperature Seebeck coefﬁcient of b-Zn4Sb3 by a factor of nearly 8/9/19, respectively. Additionally, with
the simultaneous increase of conductivity and decline of carrier thermal conductivity upon Ca/Sr/Ba doping,
potentially, at least, 10/4/2-fold increase in optimizing power factor, and 14/12/8-fold increase in thermoelectric
ﬁgure of merit of b-Zn4Sb3 at room temperature are achieved. And their corresponding optimal Fermi levels are
all located near the host valence band maximum.

1 Introduction
Because of the capability of directly converting waste heat
into electricity without causing environmental pollution,
there has been a renewed interest toward thermoelectric
materials driven by energy crisis and the environment issues
currently [1–8]. The energy conversion efﬁciency of thermoelectric materials is determined by the dimensionless ﬁgure of
merit ZT = S2sT/l, where S is the Seebeck coefﬁcient, s is
the electrical conductivity, l (= lC + lL) is thermal conductivity with both the carrier (lC) and lattice (lL) contributions, and T is the absolute temperature. “phonon glasselectron crystal” thermoelectric property [9] was recognized
as the characteristic of an ideal thermoelectric material.
Recently, b-Zn4Sb3, with a ZT = 1.3 at 670 K and an
extraordinarily low thermal conductivity (∼0.7 Wm1 K1
at 650 K) [10], has been claimed to be a potential highly
efﬁcient thermoelectric material for commercial application
in the moderate temperature range. The crystal structure of
b-Zn4Sb3 contains three distinct atomic positions (36 Zn, 18
Sb(1), and 12 Sb(2) in space group R3c with disordered
vacancies and interstitial Zn atoms [11–13].
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Recent research indicated that thermoelectric performance of b-Zn4Sb3 could be improved through appropriate
doping. For instance, dopants such as Pb, Bi, Mg, Cu, Sn,
In, Cd, Al, Ga, Nb, Hg and Ag have been investigated so far
[14–29]. And, the most results showed that the enhanced
thermoelectric performance are mainly due to a
reduction in thermal conductivity. However, the thermal
conductivity of the parent compound b-Zn4Sb3 is very low
(< 1 W m1 K1) [10,24,30] which is close to the theoretical
minimum for the thermal conductivity in solids [11].
Therefore, in the present work, we focused our attention
on improving its power factor (= S2s) by doping alkalineearth metal elements (here Ca, Sr and Ba) through a
systematic study on the structural properties and thermoelectric properties of substituted b-Zn4Sb3 system with
density functional theory and Boltzmann transport theory.

2 Computational methods
According to the recent study on b-Zn4Sb3 [10,11,30–35],
its true crystal structure was presented in Figure 1 of
Supplementary Material. The actual composition of
b-Zn4Sb3 is Zn13-dSb10 (d = 0.2–0.5), a slight Zn deﬁciency
in respect to the ideal crystallographic composition
Zn13Sb10 [36]. A considerable occupational deﬁciency
(0.89–0.90) and three weakly occupied (by around 0.06)
interstitial Zn atoms [11,12] in this material manifest a
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here f0, e, g(E), y(E), Ef, k, and t is Fermi distribution
function, the electron charge, density of states, electron
velocity, Fermi energy, electron wave vector, and total
relaxation time, respectively. Polar scattering by optical
phonons, and deformation potential scattering of acoustic
and optical phonons [42,43] have been considered, as listed
below:
to ¼

2h2 a2 rðhv0 Þ2 ðE þ E2 =Eg Þ1=2

pE2oc kB T ð2m Þ3=2 1 þ 2E=Eg Q

ta ¼

2ph4 C l ðE þ E2 =Eg Þ1=2


E2ac kB T ð2m Þ3=2 1 þ 2E=Eg Q

Q¼1

tpo ¼
Fig. 1. (a) Variation in lattice constants and (b) their ratio a/c of
Zn36Sb30 without doping and doping Ca/Sr/Ba.

disordering in the framework Zn position, which brings an
insurmountable difﬁculty to theoretical simulation. Hence,
for simplicity, we based on Cargnoni’s model [12] and
utilized a framework of Zn36Sb30, a hypothetical disorderfree b-Zn4Sb3, to simplify the practical structure of
b-Zn4Sb3. Then the Zn-substituted compounds can be
expressed as MZn35Sb30 (M = Ca/Sr/Ba).
Our calculations are performed with Vienna ab initio
simulation package (VASP) [37–39], based on the densityfunctional theory, using the PBE generalized gradient
approximation to the exchange correlation energy, and
projector augmented wave potential for the valence
electron-ion interaction. The energy cutoff for the plane
wave expansion was 350 eV. The ionic coordinates and the
unit cell’s size and shape were optimized simultaneously
until all the forces converge to below 0.001 eV/Å.
Electrical transport properties, s, S and lC were
calculated based on the ab initio calculation results, within
the framework of the Boltzmann transport theory as the
following expressions [40,41]:
s ¼ e2 Lð0Þ

ð1aÞ



S ¼ Lð1Þ = eT Lð0Þ

ð1bÞ

8E=Eg 1 þ E=Eg

ð2aÞ

ð2bÞ
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In these equations, m*, e∞, e0, Eg, a, r, v0, Cl,
Eac and Eoc are the density-of-states effective mass, the
high-frequency permittivity value, and static permittivity
value, band gap, lattice constant, material density, optical
phonon frequency, average elastic constant, the acoustic and
optical deformation potential constants, respectively. Addi∞

2
∂f
gðEÞdE.
tionally, d = (2kr∞)2, with r∞ 2 ¼ ee∞ ∫  ∂E
0

Values as listed in Table 1 (in Supplementary Material)
are material constants used in above equations. More
calculation details can be referred to our early study [26–28].

3 Results and discussions
The variations in unit-cell parameters after doping Ca/Sr/
Ba atoms are shown in Figure 1. As shown in Figure 1a,
after doping Ca atoms, the lattice parameters a, b and c all
increase. However, the lattice parameters a and b increase
but c decrease after doping Sr/Ba atoms. Moreover, it is
worthwhile to note that the lattice parameters a and b are
not equal after doping Ca/Sr/Ba, which indicates that
dopants Ca/Sr/Ba greatly change the symmetry of the
host. Nevertheless, the observed evolution of lattice
parameter ratio a/c for all Ca/Sr/Ba-doped samples all
increase, as shown in Figure 1b, which indicates that
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Fig. 2. (a) The TDOS of Zn36Sb30 without doping and doping Ca, (b) Ca PDOS of s-character, (c) the TDOS of Zn36Sb30 without
doping and doping Sr, and (d) the TDOS of Zn36Sb30 without doping and doping Ba. The energy zero is set at the top of the valence
band of the host.

dopants Ca/Sr/Ba are successfully introduced into the
host, for Ca atom (atomic radius ̴ 2.23 Å), Sr atom (atomic
radius ̴ 2.45 Å), or Ba atom (atomic radius ̴ 2.78 Å) are
larger than Zn atom (atomic radius ̴ 1.53 Å), leading
to expansion of the host lattice. It can be seen clearly how
Ca/Sr/Ba atoms are incorporated into the host from
Figures 2 and 3 of Supplementary Material.
The calculated DOS of Zn36Sb30 and MZn35Sb30
(M=Ca/Sr/Ba) were shown in Figure 2. Zn36Sb30 has a
band gap of about 0.52 eV separating the valence band (VB)
from conduction band (CB) with the Fermi energy EF below
the VB top ∼0.35 eV. The DOS near EF primarily composed
of Zn-s, p and Sb-p states. The results are consistent with the
earlier model calculations [44]. For the sake of comparison,
we shifted the DOS of MZn35Sb30 (M=Ca/Sr/Ba) until the
core bands at the lower edge of the valence band DOS match

perfectly with that of Zn36Sb30. The moving magnitude is
∼0.41/0.42/0.36 eV. Figure 2a shows the DOS for
Ca-doped system. It can be seen clearly that a high resonant
peak appears at 0.031 eV above the valence band maximum
in the DOS of the host band. According to the formation
energies Eform deﬁned as the following equation [26,28],
Eform ¼ Edoped þ mZn  Eundoped  mCa=Sr=Ba

ð3Þ

(Edoped, Eundoped, and m is the total free energy for the
supercell containing the dopant (Ca/Sr/Ba), the total free
energy for the undoped supercell, and the chemical
potentials of the constituent elements, respectively.) one
can deduce Eform of the Ca point defects is ∼ 2.47 eV/atom.
From the partial DOS shown in Figure 2b, it reveals that s
levels of the Ca atoms are the main contributor of this
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Fig. 3. The calculated band structures for Zn36Sb30 and defective conﬁgurations with Ca/Sr/Ba replacing Zn atoms along some high
symmetry directions of the Brillouin zone. The energies are according to the Fermi-energy level shown by solid horizontal line.

peak. While for the Sr doping case as shown in Figure 2c,
its corresponding formation energy is 2.25 eV/atom
with a sharp peak and considerable enhancement in DOS
above the top of the VB at 0.039 eV. As for Ba-doping case,
which is shown in Figure 2d and corresponds to formation
energy 2.47 eV/atom, it is similar to the cases of Ca and Sr
doping when referring to a sharp peak at 0.185 eV and the
slightly increased DOS near the top of VB.
These resonant peaks can be illustrated more clearly in
the calculated band structure as shown in Figure 3. After
doping one Ca/Sr/Ba atom in Zn36Sb30, the maximum
valence band rises up at all the high symmetry points in the
ﬁrst Brillouin zone and splits off the original weakly
degenerate band-edge states near the valence band
maximum (VBM). The results indicate that the Ca/Sr/
Ba atoms in Zn36Sb30 deviate from the ideal lattice
positions (Fig. 1 of Supplementary Material) and reduce
the symmetry of the Zn-Sb system. Meanwhile, Ca/Sr/Ba
atoms in Zn36Sb30 bind weakly with the neighboring Sb
atoms, and consequently, form band tail states.
The calculated room-temperature S and s of Zn36Sb30
as a function of carrier concentration n are shown in
Figure 4 of Supplementary Material. We can see that the
calculated S and s for the host have good agreement with
the measured values in experiments [9,26–28,44].
The calculated S, s, and S2s of MZn35Sb30 (M=Ca/Sr/Ba)
as a function of carrier concentration n are shown in Figure 4.
As shown in Figure 4a, the calculated S of the four cases all
increase in the entire studied carrier concentration as the
carrier concentration decreases. The results show that
Ca/Sr/Ba-doping brings signiﬁcantly increase in Seebeck
coefﬁcient S. And nearly 8/9/19 times increase is achieved
at n ≈ 7.0  1027 m3, n ≈ 6.8  1027 m3, and n ≈
6.3  1027 m3 when doping Ca/Sr/Ba respectively.
Carrier concentration dependence of electrical conductivity s of MZn35Sb30 (M=Ca/Sr/Ba) is displayed in
Figure 4b. It can be seen that electrical conductivity for
four cases all increase with increasing carrier concentra-

tion. However, the electrical conductivity of three doped
structures is actually smaller than that of the host in the
whole studied carrier concentration range. Consequently,
because of increased S, as shown in Figure 4c, the largest
power factor of three doping systems achieved here is about
10/4/2 times larger than that of the host at room
temperature with n ≈ 7.1  1027 m3, n ≈ 6.9  1027 m3,
and n ≈ 6.5  1027 m3, respectively.
Figure 5a shows the carrier concentration dependence
of the calculated carrier thermal conductivity lC of
MZn35Sb30 (M=Ca/Sr/Ba). One can see that lC of
MZn35Sb30 (M= Ca/Sr/Ba) all rise with carrier concentration increasing and greatly smaller than that of the host
in the studied carrier concentration range, which is similar
to the phenomenon observed in Figure 4b.
Figure 5b shows that room temperature ZT as a
function of carrier concentration assuming lL = 0.6Wm-1K-1
(an average experimental value for pristine b-Zn4Sb3) for
b-Zn4Sb3 doped with Ca/Sr/Ba. The maximum ZT 0.09/0.07
for the Ca/Sr-doped cases, both appear at n ≈ 7.0  1027 m3,
which is close to their values of n for optimal power factors.
While the optimal ZT for Ba-doped case occurs at a
smaller n, which is 0.1 at n ≈ 6.5  1027 m3, locating just
in the range of its optimizing power factor. Ultimately, the
largest room temperature ZT values for three doping cases
are about 14/12/8 times larger than that for the host at
their corresponding carrier concentration, respectively.
This increase in ZT is mainly owed to the increase of power
factor and the simultaneous decrease of carrier thermal
conductivity. If combining with other optimization methods
to reduce lattice thermal conductivity simultaneously (such
as nanostructure [45,47] or alloy scattering), we believe that
further ZT enhancement can be obtained.
The carrier concentration n(EF) as a function of Fermi
energy for MZn35Sb30 (M=Ca/Sr/Ba) at room temperature are shown in Figure 6. The carrier concentration can
be calculated by using the following formula: n (E) =
∫ g (E) f (E) dE, where f (E) and g (E) are the Fermi
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Fig. 4. The variation of thermoelectric properties for b-Zn4Sb3 doped with Ca/Sr/Ba with carrier concentration at T = 300 K.
(a) Seebeck coefﬁcient, (b) electrical conductivity, and (c) power factor.

Fig. 5. The variation of thermoelectric properties for b-Zn4Sb3 doped with Ca/Sr/Ba with carrier concentration at T = 300 K.
(a) Electronic thermal conductivity, (b) ZT values with lL = 0.6 Wm–1 K–1.
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Fig. 6. The variation of carrier concentration for MZn35Sb30
(M = Ca/Sr/Ba) with Fermi energy at T = 300 K. The energy
zero is set at the top of the valence band of the host. Arrows
indicate where the best thermoelectric performance is achieved.

distribution function and the carrier density of states
(DOS), respectively. As shown in Figure 6, n(Ca)≈n(Sr)≈
n(Ba) as EF is same. Thus, DOS(Ca)≈DOS(Sr)≈DOS(Ba)
with an equal EF can be derived, which is consistent with
DOS calculation, electrical conductivity, and carrier
thermal conductivity as shown in Figures 3, 4b, and 5a.
As the largest ZT for MZn35Sb30 (M = Ca/Sr/Ba) at room
temperature occur at n ≈ 7.0  1027 m3, n ≈ 7.0  1027 m3
and 6.5  1026 m3, respectively, one can see that the
corresponding optimal EF values are EF(Ca) = –0.21eV,
EF(Sr) = –0.21eV and EF(Ba) = –0.09 eV, respectively,
which are all near top of valence band. And this result is
in good agreement with the recent reports concerning
resonant states [48,49].

4 Conclusions
In this study, we have performed a systematic study on the
alkaline-earth metal elements Ca, Sr and Ba doped b-Zn4Sb3
system. The results showed that Ca, Sr and Ba doping could
lead to strong resonant effects in the DOS near the top of
valence band, which can bring about a boost in Seebeck
coefﬁcient, and a degraded conductivity with a simultaneous
decrease in carrier thermal conductivity. Overall, present
results demonstrate that doping Ba is an effective method to
elevate the thermoelectric performance of b-Zn4Sb3 with an
optimal room-temperature ZT = 0.1 at n ≈ 6.5  1027 m3.
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