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Abstract. In this paper, an elastic metamaterial beam with a novel two-degree-of-freedom local resonator
is investigated theoretically, and the dispersion relation is calculated by using transfer matrix (TM).
In order to conﬁrm the existence of band gaps, the transmission spectrum of ﬂexural wave are also studied
by using ﬁnite element method. The formation mechanism of the ﬂexural vibration bandgaps (FVBGs)
are further analyzed by studying the displacement ﬁelds of the eigenmodes at the band-gap edges. At last,
the evolution of the dispersion relations with the increasing of the distance from the one side rubber to
the center of the local resonance mass are discussed in detail, and the eﬀects of the outside diameter of
the Cu ring and the equivalent stiﬀness k of the rubbers on the FVBGs are also investigated. Through the
above analysis, we can draw the following conclusions, due to the unequal of the torques provided by the
two rubbers, two diﬀerent rotational vibrations of local resonance mass with two diﬀerent local resonance
frequencies are introduced in the local resonance system, thus the elastic metamaterial beam shows two
FVBGs at low frequencies. The theoretical results are in good agreement with the numerical results. The
magnitude of torques introduced in the local resonance system can obviously aﬀect the locations of the
FVBGs. With the asymmetry decreasing, the frequency region of the ﬁrst FVBG moves to the higher
value, while that of the second FVBG tends to the lower value, and when the two torques are equal, the
two FVBGs coupled into one wider gap. For the elastic metamaterial beam with heavy resonance mass and
weak rubbers is appropriate to obtain a lower band gap, and the total width of the FVBGs becomes wider.
However, it does just the opposite under the condition of the case with light Cu ring and strong rubbers,
but the total width of the band gaps also becomes wider. The propagation properties of the ﬂexural wave
in the designed local resonance beam can potentially be used to control and insulate vibration at lowfrequency range and the unequal distances between the two rubbers to the center of the local resonance
mass provide possibilities to expand the application of the beams for the vibration control in the needed
frequency ranges.

1 Introduction
The propagation of elastic waves in periodic composite
materials (phononic crystals, PCs) has been received a
great deal of attention over the recent 20 years [1–8]. And
due to the existence of bandgaps within the PCs, the
propagation of acoustic/elastic waves are fully forbidden,
which has potential applications in various ﬁelds, such as
noise and vibration isolation, frequency ﬁlters, and so on.
The Bragg scattering and local resonance are the
two kinds of formation mechanisms for the band gaps.
The Bragg scattering bandgaps are caused by multiple
scattering of the periodic inclusions, and the elastic wavelength of the band gap frequencies is of the same order
to the structural period [1,2]. While the local resonance
a
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bandgaps are caused by the interaction between local
resonance system and the elastic wave, and the frequency
range of the local resonance band gaps is almost two
orders of magnitude lower than that of the Bragg
scattering [3–8], which makes this type of local resonance
PCs more widely used in low-frequency vibration attenuation and sound insulation [9–27]. Among them, the propagation of the vibrations in PC beams has attracted a great
deal of attention for several years due to the widespread
applications of beam structures in engineering. Wang
et al. [10] studied the dispersion relation of the inﬁnite
quasi-one-dimensional beams by using an improved
lumped-mass method, and the low-frequency band gap
was obtained, this provided a new way for the lowfrequency vibration insulation. Wen et al. [11] reported a
periodic binary straight beam with diﬀerent cross sections,
and the band structures of ﬂexural waves were calculated

20501-p1

The European Physical Journal Applied Physics

by using the plane-wave expansion method. Based on this,
he also designed a vibration isolation structure with an
attenuation of about 30 dB in the frequency region of the
band gaps. Yu et al. [13] investigated the ﬂexural vibration band gaps of the Timoshenko beams with periodic
spring-mass system by using the transfer matrix method,
and the vibration band gap is found at low frequencies.
Subsequently, Wu and Hsu [14] studied the free vibration
analysis of the simply supported beams carrying multiple point masses and spring-mass systems by using a new
method, and the eﬀect concerning mass of each
helical spring was also presented. Yu et al. [15] analyzed
the wave numbers and traveling wave characteristics in
the periodic beam on elastic foundations, and he found
that the wide ﬂexural wave band gap existed at low frequencies. Through the above analysis, it can be found
that those researches were based on the single-degree-offreedom local resonance system. Recently, the multipledegree-of-freedom local resonance system has been
aroused great interest from researchers for good lowfrequency broadband bandgaps [16–27]. Yu et al. [19] ﬁrst
reported the ﬂexural vibration band gaps in EulerBernoulli beams with two-degree-of-freedom locally
resonant structures, and the vertical and rotational vibration of a resonator was introduced in the calculation.
Pai and Peng [22] presented a new metamaterial beam
which consists of a uniform isotropic beam and small two
mass-spring-mass local resonance subsystems, two stopbands was demonstrated and the bandgaps mechanism
were explained by the concept of negative eﬀective mass
and eﬀective stiﬀness. However, the FVBGs were opened
by the translation vibration of the local resonance mass
in the existing literature, the rotational vibrations of the
local resonance mass had not been considered, and its
adjustment mechanism on the band gaps is also unclear.
In this paper, the band structures of a novel twodegree-of-freedom local resonance beam which introduces
the rotational vibration of local resonance mass are investigated theoretically and numerically. In order to verify
the existence of the band gaps, the transmission spectrum
of ﬂexural wave are also studied by using ﬁnite element
method. The formation mechanism of the FVBGs are
further analyzed by studying the displacement ﬁelds of
the eigenmodes at the band-gap edges. At last, the evolution of the dispersion relations with the increasing of
the distance from the one side rubber to the center of the
resonance mass, and the eﬀects of the outside diameter of
the Cu ring and the equivalent stiﬀness k of the rubbers
on the FVBGs are discussed in detail.

2 Theory of the TM
Figure 1a shows the spring-mass model of the local resonance beam with the two-degree-of-freedom resonators
periodically attached on it. The local resonance mass m
and the base beam is connected by two spring k, and the
distance between the two attachment points to the gravity
On are l1 and l2 , respectively. The lattice constant is a.

The governing equation for the time-harmonic free
ﬂexural vibration of the Euler-Bernoulli beam can be
written as:


∂ 2 y (x, t)
∂ 2 y (x, t)
∂2
= 0,
(1)
EI
+
ρA
∂x2
∂x2
∂t2
where ρ is the density, E is the Young’s modulus, A is
the cross section area, and I is the moment of inertia with
respect to the axis perpendicular to the beam axis. y(x, t)
represents the dynamic displacement at x.
The form of solution for equation (1) can be expressed
as:
y(x, t) = X(x) exp(iωt),
(2)
where X(x) is the vibration amplitude, ω is the circular
frequency.
For an Euler-Bernoulli beam, X(x) can be expressed
as:
X(x) = A cos(λx) + B sin(λx) + C cosh(λx) + D sinh(λx),
(3)
where λ4 = ρAω 2 /EI is the ﬂexural wave number.
For the ﬁrst section n1 of the unit cell as shown in
Figure 1b, the vibration amplitude can be written as:
Xn1 (x1 ) = An1 cos(λx1 ) + Bn1 sin(λx1 ) + Cn1 cosh(λx1 )
+ Dn1 sinh(λx1 ),
(4)
where x1 = x − na, na ≤ x ≤ na + L, L = l1 + l2 .
Similarly, the amplitude of the second section n2 can
be written as:
Xn2 (x2 ) = An2 cos(λx2 ) + Bn2 sin(λx2 ) + Cn2 cosh(λx2 )
+ Dn2 sinh(λx2 ),
(5)
where x2 = x − na, na + L ≤ x ≤ (n + 1) a.
The force equilibrium of the local resonance mass m
and the base beam are shown in Figures 1c and 1d,
respectively. For the base beam, the forces along the y-axis
are only considered, while for the local resonance mass m,
the moment about the center of the gravity On is also
considered. According to analysis of force equilibrium of
the local resonator, one can obtain:
−fn1 (t) − fn2 (t) − mz̈n (t) = 0,

(6)

fn1 (t)l1 − J θ̈(t) − fn2 (t)l2 = 0,
(7)
where fn1 (t) and fn2 (t) are the interactive forces between
the local resonance mass m and the base beam at the
two attaching points xn1 and xn2 , respectively, m and J
are the mass and the moment of inertia of the local resonance mass, respectively. zn (t) = Vn exp(iωt) and θn (t) =
Θn exp(iωt) are the translational and rotational displacement of the local resonator m, respectively, and Vn and
Θn are the amplitude of displacement and the rotational
angle, respectively.
The force fn1 (t) and fn2 (t) can be obtained as
following:
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fn1 (t) = k [zn (t) − y(xn1 , t) − l1 θn (t)]
= k [Vn − Xn1 (xn1 ) − l1 Θn ] exp(iωt)
= Fn1 exp(iωt),

(8)
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Fig. 1. Schematic diagram of (a) the novel two-degree-of-freedom local resonance beam, (b) the unit cell, the force equilibrium
of (c) the local resonator m and (d) the base beam.

fn2 (t) = k [zn (t) − y(xn2 , t) + l2 θn (t)]
= k [Vn − Xn2 (xn2 ) + l2 Θn ] exp(iωt)
= Fn2 exp(iωt).

(9)

Substituting equations (8) and (9) into equations (6)
and (7), leads to:


2k − mω 2 Vn +k(l2 − l1 )Θn = k [Xn1 (xn1 ) + Xn2 (xn2 )] ,
(10)
k(l1 − l2 )Vn +(Jω 2 − kl12 − kl22 )Θn
= k [Xn1 (xn1 )l1 − Xn2 (xn2 )l2 ] .

The analysis of the force equilibrium of the unit cell have
been ﬁnished, and the above results will be used to deal
with the band structures of the two-degree-of-freedom
local resonance beam.
According to the continuities of displacement, rotation angle, bending moment and shear force at Xn2 , the
boundary conditions can be expressed as:
Xn1 (L) = Xn2 (L),

(16a)



Xn1
(L) = Xn2
(L),

(16b)



EIXn1
(L) = EIXn2
(L),

(16c)



EIXn1
(L) = EIXn2
(L) − Fn2 .

(16d)

(11)

Using equations (10) and (11), one can obtain:
Vn = M Xn1 (xn1 ) + N Xn2 (xn2 ),

(12)

Θn = U Xn1 (xn1 ) + W Xn2 (xn2 ),
where
M =



k Jω 2 − kl22 − kl1 l2
(2k − mω 2 ) (Jω 2 − kl12 − kl22 ) + k 2 (l1 − l2 )


k Jω 2 − kl12 − kl1 l2

(13)

2,

K1 Ψn2 = H1 Ψn1 ,
(17)
T
where Ψn2 = An2 Bn2 Cn2 Dn2 ,
T

Ψn1 = An1 Bn1 Cn1 Dn1 .
Similarly, according to the continuities of displacement, rotation angle, bending moment and shear force at
Xn1 , the boundary conditions can be expressed as:


2,
(2k − mω 2 ) (Jω 2 − kl12 − kl22 ) + k 2 (l1 − l2 )


2k − mω 2 l1 − k (l1 − l2 )
U =k
2,
(2k − mω 2 ) (Jω 2 − kl12 − kl22 ) + k 2 (l1 − l2 )


2k − mω 2 l2 + k (l1 − l2 )
W = −k
2.
(2k − mω 2 ) (Jω 2 − kl12 − kl22 ) + k 2 (l1 − l2 )

N =

Substituting equations (4) and (5) into equations (16a)–
(16d) and using equations (12) and (13), one can obtain
the matrix form as following:

Using equations (4) and (5), one can obtain:
Xn1 (xn1 ) = Xn1 (0) = An1 + Cn1 ,

X(n−1)2 (a) = Xn1 (0),

(18a)



X(n−1)2
(a) = Xn1
(0),

(18b)



(a) = EIXn1
(0),
EIX(n−1)2

(18c)



EIX(n−1)2
(a) = EIXn1
(0) − Fn1 .

(18d)

(14)

Xn2 (xn2 ) = Xn2 (L) = An2 cos(λL) + Bn2 sin(λL)
+ Cn2 cosh(λL) + Dn2 sinh(λL).
(15)
20501-p3
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Fig. 2. Schematic diagrams of (a) the unit cell and (b) the cross section of the local resonance beam.

where k is the wave vector in the x direction.
Using equations (20) and (21), we can obtain the standard eigenvalue problem of 4 × 4 matrix:


T − eika I  = 0,
(22)

is a = 1.5 × 10−1 m. The material parameters are given
in Table 1. The equivalent stiﬀness of the rubber ring is
k = 1.65 × 105 N/m [19].
Figure 3a shows the band structures results (red line)
calculated by the method deduced in this paper. It can
be seen that there are three ﬂexural bands exist in the
frequency range from 0 Hz to 800 Hz, where two FVBGs
(dark gray regions) are involved. The lowest FVBG is from
154 Hz to 167 Hz with the width of 23 Hz, which is between
the ﬁrst and the second band. The second FVBG is from
198 Hz to 410 Hz with the width of 212 Hz, which is
between the second and the third band.
In order to verify the correctness of the calculation
method, the band structures (black dot line in Fig. 3a)
and the transmission spectrum (black square-dots line in
Fig. 3b) are also calculated by using FEM. The locations
of the two FVBGs (from 149.99 Hz to 166.87 Hz and from
189.06 Hz to 393.34 Hz) is in very good agreement with
the band structures calculated by the method proposed
in this paper, and the correctness of the method is veriﬁed. As shown in Figure 3b, two frequency ranges with an
obviously attenuation (the gray regions) can be found in
the transmission spectrum, and their locations correspond
well with the band gaps in Figure 3a.

where I is the 4 × 4 unit matrix. By solving the eigenvalue
of the matrix T , the dispersion relation between the wave
vector k and the circular frequency ω can be obtained.

3.2 Eigenmodes analysis

Analogously, we can obtain:
K2 Ψn1 + K3 Ψn2 = H2 Ψ(n−1)2 ,

(19)

T

where Ψn2 = An2 Bn2 Cn2 Dn2 ,
T

Ψn1 = An1 Bn1 Cn1 Dn1 ,
T

Ψ(n−1)2 = A(n−1)2 B(n−1)2 C(n−1)2 D(n−1)2 .
Using equations (17) and (19), we can get the relation
between the nth cell and the (n − 1)th cell,
Ψn2 = T Ψ(n−1)2 ,

(20)

−1

H2 is the transfer matrix.
where T = K2 H −1 K1 + K3
Due to the periodicity of the inﬁnite system along the
x-axis, using the Bloch theorem we can obtain:
Ψn2 = eika Ψ(n−1)2 ,

(21)

3 Results and discussion
3.1 Band structures and transmission spectrum
In this paper, the focus is to study the changes of
dispersion relation caused by the rotation vibration of
the local resonance system. Similar to the structure in
reference [19], the beam with periodic local resonance
structures is shown in Figure 2. The structural dimensions and the material parameters are basically the same
as the model in reference [19]. The base beam and the local
resonance mass are constructed from an aluminum tube
and a copper tube, respectively, and the size for the structure are r0 = 7 × 10−3 m, r1 = 1 × 10−2 m, r2 = 1.5 ×
10−2 m, r3 = 1.95 × 10−2 m, b = 6 × 10−2 m, respectively.
The width of the rubber ring is h = 1 × 10−2 m, and
l1 = 2.5 × 10−2 m, l2 = 1.5 × 10−2 m. The lattice constant

As we all know, when the frequency of the incident elastic
wave is close to the nature frequency of the internal springmass system, the corresponding local resonance will be
activated, and the two mass move in reversed phase with
a reaction force acting on the beam against the harmonic
elastic wave excitation. The vibration of the beam will
be reduced or even restrained because of the interaction
between the local resonances and the traveling wave
modes, and thus forming the band gaps within these frequencies regions. The local resonance beam with single
resonator previously studied have only one FVBG at low
frequencies, but the novel local resonance beam proposed
in this paper has two obvious band gaps. In order to further reveal this phenomenon, the eigenmode shapes and
displacement vector ﬁelds of the modes labelled in the
Figure 3a are shown in Figure 4.
In each color map of the displacement vector ﬁelds, the


magnitude is calculated by
u2x + u2y + u2z . For mode A,
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Table 1. Material parameters used in calculations.

Aluminum
Rubber
Copper

Mass density
(kg/m3 )
2800
1300
8950

Young’s modulus
(N/m2 )
7.2e10
1.2e5
16.46e10

Poisson’s
ratio
0.35
0.47
0.33

the resonator rotates along a ﬁxed axis while the base
beam keeps still, and the vibration energy is well concentrated in the local resonance system. The vibration of the
resonators is coupled to the ﬂexural vibration of the beam,
thus retraining the vibration of the beam, and the FVBG
opened at this frequency. For mode B, the dynamic stability is obtained between the base beam and the Cu ring (the
local resonance mass), the vibration of the base beam can
spread freely at this frequency and the ﬁrst FVBG closed.
The vibration state of mode C (the start frequency of the
second FVBG) is similar to that of the mode A, what the
diﬀerence between them is that the rotation axis of rotational vibration is not the same. For mode D, the local
resonance mass keeps still while the base beam vibrates
with large amplitude, the Cu ring and the beam vibrate
in a reverse phase, and the second FVBG closed.
In reference [19], the rotation vibration of the local
resonance mass is introduced in the calculation, and
because the same distance of the two rubbers to the
center of the Cu ring, the two FVBGs coupled into one
band gap. While in this paper, the distance of each
rubber to the center of the local resonator is unequal,which
leads to appear two diﬀerent local resonance frequencies
and thus forming two FVBGs.

3.3 Eﬀect of the distance l2 on the FVBGs
From above analysis, due to the unequal between the distance l1 and l2 , two diﬀerent rotational local resonance
frequencies appear, thus generating two FVBGs. And the
band gaps are very sensitive to these two parameters.
In order to study the eﬀects of the locations of the two
rubbers on the band gaps, the evolutions of the dispersion curves with the distance l2 from an asymmetric state
(l1 = l2 ) to a symmetric state (l1 = l2 ) are investigated in
this section, and the regulatory mechanisms are discussed
in detail.
Figure 5 shows the comparing the dispersion relations
of the local resonance beams. It can be seen that the band
structures of the beam with diﬀerent local resonance systems diﬀer obviously from each other. The distance l2 has
a very important eﬀect on the second dispersion curve
which plays an important role for the separating and coupling of band gaps, and meanwhile increasing the distance
l2 increase the frequency of the ﬁrst band line at wave
vector 1. When the distance l2 increase gradually form an
asymmetric distribution to a symmetric distribution, the
frequency range of ﬁrst FVBG move to a high value,while
location of the second band keeps unchanged. The total

(b)
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Fig. 3. The calculation results for (a) the band structures
calculated by the transfer matrix method (the red line) and
using FEM (black dot line) and (b) transmission spectrum of
ﬂexural vibration of the local resonance beam.

width of the band gaps almost keep the same. When in the
case of l1 = l2 , the two separate band gaps coupled into a
wider band gap. It also can be found that the distance l2
almost has no eﬀect on the third band line.
In addition, it can also be found that as the distance
l2 increasing, the group velocity also changed obviously.
The second band line approaching the horizontal exists
in the model with distance l1 being equal to the distance
l2 , and this can be explained as zero wave velocity. From
a technology perspective, the ﬂat band may be used to
generate frequency ﬁlter, and the wide FVBGs could be
very useful in the vibration reduction of beam.
In order to further study the physical mechanism for
the inﬂuence of distance l2 on the band structures, the
eigenmode shapes and displacement vector ﬁeld of the
modes labelled in Figure 5 are calculated by using FEM.
For the modes A , B and C are similar to modes A, B
and C, the inequality between the two distances l1 and l2
causes the two diﬀerent resonance frequencies of the local
resonance system, thus generating two FVBGs. The only
diﬀerence between the two cases is that, the resonance
frequency of modes A and B are lower with lower ﬁrst
FVBG. For mode D , the mode shape is very diﬀerent
from the lower band gap edge A and C , the rotational
vibration of local resonator is replaced by translational
vibration due to the symmetric distribution of the two
rubbers, and the vibration direction is vertical to the host
beam. For modes E and F , the vibration energy is also
localized in the resonators, and they have the same vibration modes with the same resonance frequency. There is a
dynamic balance within the local resonance system, and
this kind of vibration mode is not coupled with the traveling wave in the beam, thus the FVBG does not open
(Fig. 6).
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Fig. 4. Eigenmode shapes and displacement vector ﬁeld of the modes labelled in Figure 3a.
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Fig. 6. Eigenmode shapes and displacement vector ﬁeld of the modes labelled in Figure 5. A –C and D –F are the eigenmodes
of the asymmetric and the symmetric local resonance beams, respectively.

3.4 Eﬀect of the outside diameter r3 on the FVBGs
Figure 7a shows the changes of the start frequency fs , the
cutoﬀ frequency fc , and the width of the FVBGs with the
outside diameter r3 . It can be found that fs and fc of the
ﬁrst FVBG both decrease gradually with the increasing r3 ,
and the width of the ﬁrst band gap has remained virtually
unchanged. fs and fc of the second one both shift to a
lower frequency when r3 increased, but the decreasing rate

of fs is greater than that of fc , which broadens the band
gap.
With the increasing of the outside diameter r3 , the
equivalent mass of the local resonator increases accordingly, and that will lead to the decrease of the local resonance frequencies, thus fs and fc of the two FVBGs both
shift to a lower value. Meanwhile, the interactions between
the local resonance and traveling wave modes are therefore
increased, which broadens the total width of the FVBG.
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4 Conclusions
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Fig. 7. The eﬀect of the outside diameter of Cu ring r3 on the
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Fig. 8. The eﬀect of the Equivalent stiﬀness of the rubbers
k on the FVBGs.

3.5 Eﬀect of the equivalent stiﬀness of the two
rubbers k on the FVBGs
Figure 8 shows the equivalent stiﬀness of the two rubbers
k on the FVBGs. It can be found that fs and fc of the
ﬁrst FVBG increase linearly with the increasing of the
equivalent stiﬀness k, while the width of the band gap has
little variation. However, fs and fc of the second FVBG as
well as the bandwidth increase as the equivalent stiﬀness k
increase. As mentioned above, the resonance mass rotates
in the vertical direction with the base beam keeping still
at the start frequencies of the FVBGs, and a rubber is
stretched while the other is almost not deformed. When
the equivalent stiﬀness is increased, the resonance frequencies are increased accordingly, which is also true for the
upper boundaries of the band gaps. Moreover, the stronger
rubbers enhance the interaction between the resonator
and the vibration of the beam, that greatly broadens the
width of the FVBGs.

In this paper, a new type two-degree-of-freedom local
resonance beam is investigated theoretically, and the dispersion relations are calculated by using TM and FEM.
In order to conﬁrm the existence of band gaps, the
transmission spectrum of ﬂexural wave are also studied.
The formation mechanism of the two FVBGs are further
analyzed by studying the displacement ﬁelds of the eigenmodes at the bandgap edges. At last, the evolution of the
dispersion relations with the increasing of the distance
l2 ,the eﬀect of the outside diameter of the Cu ring and
the equivalent stiﬀness of the rubbers on the FVBGs are
in detail. Through the above analysis, we can draw the
following conclusions, due to the unequal of the distance
l1 and l2 for the designed local resonance beam, the rotational vibration of the local resonator is introduced in the
local resonance systems, and two FVBGs are generated at
low frequencies. The theoretical results are in good agreement with the numerical results. Meanwhile, the locations
of the calculated transmission spectrum are in good agreement with the corresponding FVBGs regions. At the lower
band-gap edges, the vibration is localized in the local resonance mass, while at upper band-gap edges, the local
resonance mass and the base beam vibrate in a reverse
phase. The two resonance frequencies are caused by the
rotational vibration of the local resonance mass along the
diﬀerent rotation axis. Moreover, increasing the distance
l2 weakened the imbalance of the local resonator, and the
two FVBGs coupled into a wider band gap. When the distance l2 is reduced, the ﬁrst FVBG shift to lower frequency
regions while that of the second FVBG remain unchanged.
For the elastic metamaterial beam with heavy resonance
mass and weak rubbers is appropriate to obtain a lower
band gap, and the total width of the FVBGs becomes
wider. However, it does just the opposite under the condition of the case with light Cu ring and strong rubbers,
but the total width of the band gaps also becomes wider.
The propagation properties of the ﬂexural wave in the designed local resonance beam can potentially be used to
control and insulate vibration at low-frequency range.
The authors would like to thank the National Natural Science
Foundation of China (Grant No. 51375362 and No. 51205305)
for ﬁnancial support.
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