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Abstract. In this paper an approach for the modeling of the eddy current testing of a conductive part with
ﬂat printed coils is proposed. The overlapping ﬁnite element method is implemented for this purpose. It is
shown that this approach allows simplifying the modeling of eddy current testing conﬁgurations that use
this kind of coil.

1 Introduction
Eddy current testing (ECT) is a widely used technique
for the inspection of conductive parts. It consists in scanning the part under investigation with a coil fed by a
time-harmonic source current and to sense the response
of the part with the same coil or with another one. A
new trend in ECT lies in the use of printed coils obtained either by conventional printed circuit board technologies or by micro-technological processes [1,2]. This
kind of coil used as transmitter and/or receiver exhibits
several advantages. Indeed, the fabrication processes allow
a good reproducibility of the coil physical characteristics
and a miniaturization of the coils permits to design integrated multi-coil systems on a single substrate. Furthermore a good magnetic coupling can be obtained thanks
to the possible reduction of the lift-oﬀ (the distance that
separates the coil turns from the conductive part under
inspection).
The ﬁnite element method (FEM) is well appreciated
for its versatility. Nevertheless the modeling of an ECT
conﬁguration using printed coils is delicate since these
coils are typically very ﬂat with a diameter-to-height ratio
which can reach the hundred. The meshing of thin coils
with simplex elements (tetrahedra for a 3D problem) can
then lead to a mesh containing a high number of elements
or having deformed elements. It follows that the inversion
of the FEM system will be time-consuming with possibly
a poor solution.
In this paper the authors present a FEM approach
that yields an eﬃciency taking into account of the presence of a ﬂat probe. For this purpose the overlapping element method [3] is used. This method allows to model thin
geometrical domains without degrading the mesh quality.
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Moreover the coil displacement can be taken into account
without remeshing thanks to a non-conformal mesh connection. Overlapping method was used in reference [3] to
take into account an air-gap domain and in reference [4]
to consider thin material regions (magnetic and/or conductive). The originality of this paper lies in the introduction of a source current density term into the overlapping
layer in order to take into account thin active regions (ﬂat
printed coils).
In what follows the implemented dual formulations
and the overlapping element method are ﬁrstly presented.
Then, two test cases are studied. The ﬁrst test case is
used to study and discuss the range of validity of our ﬂat
coil model. The second is an ECT conﬁguration where the
probe consists of two ﬂat coils. The results are compared
to reference models to show the applicability of the proposed technique.

2 Formulations
The use of dual FEM formulations is proposed in this
paper to model ECT conﬁgurations. One formulation is
deduced from the magnetic ﬁeld h and the other one
from the electrical ﬁeld e [5]. The variables of work of
the two formulations can be either the ﬁeld (magnetic or
electric) or combined vector-scalar potentials describing
the ﬁeld [5]. The use of these potentials is recommended
in order to have more accurate results and better conditioned system [6]. As a consequence in this paper the formulations are expressed using combined vector and scalar
potentials.
The ﬁrst formulation, called t-φ formulation, is based
on a magnetic scalar potential φ and an electric vector
potential t decomposition of the magnetic ﬁeld:
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h = t + t0 − grad(φ),

(1)
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with t and t0 introduced such as curl(t) = ji
and curl(t0 ) = j0 where ji and j0 are the induced current density in the conductive part and the source current
density in the coil.
An electric scalar potential ψ and a magnetic vector
potential a are used for the second formulation (called aψ formulation) and lead to the following expression of the
electric ﬁeld:
e = −∂t (a + grad(ψ)),

(2)

with curl(a) = b, where b is the magnetic ﬂux density.

3 Flat coil modeling
The overlapping ﬁnite element method consists in modeling a non-meshed gap D0 located between two independent meshes D1 and D2 (Fig. 1a). This domain can have
any physical property (air, conductive and/or magnetic
medium [4]). In this paper D0 contains the ﬂat probe.
Typically D1 will consist in air and D2 in the conductive
part. The ﬁrst step of the method consists in the detection
of the interface surfaces between D1 and D0 and between
D2 and D0 . In the studied case, theses surfaces are denoted S1 and S2 (Fig 1b). In a 3D case, S1 and S2 are two
surfaces meshed with triangular elements. Either S1 or S2
has to contain a 2D mask of the coil (surfacic mesh of the
coil) (Fig. 1b). The two surfacic meshes (S1 and S2 ) may
be diﬀerent.
The steps for the coil modeling are presented in what
follows. Firstly, the nodes of the surfaces S1 and S2 are projected, according to the z vertical axis on a plane located in
D0 (see Fig. 2a). Figure 2b represents an enlarged portion
of the projection of S1 and S2 which generally gives polygonal intersections. In a second step, all the intersections
between the triangles (mesh) of S1 and S2 are identiﬁed.
Each non-triangular intersection is divided into triangles
as shown in Figure 2b. Finally, the resulting nodes of the
intersections are projected on S1 and S2 . Each triangle issued from the intersection of the surfaces S1 and S2 leads,

taking into account the thickness of D0 , to a prism. At
the end of this procedure a prismatic mesh is built in D0
(Fig. 2c). The set of prisms located under the mask represents the discretized coil (the other prisms consisting in
an air domain). For each prism, a scalar function such as,
ψ or φ, is interpolated with the shape functions of the six
nodes of the two triangles from which the prism derives.
By comparison, a vectorial function with tangential continuity, such as a or t, is interpolated by the six shape
functions of the edges of the two triangles plus the three
shape functions of the vertical edges of the prism.
A reference element is implemented to calculate the
integral terms of the FEM system over D0 . This last is
illustrated in Figure 3. The overlapping method permits
to connect arbitrary surfaces. Indeed, the triangles T1 and
T2 can form two non-parallel planes. Figure 3 represents
the reference element (Fig. 3a) and the actual element
(Fig. 3b). This latter is constituted by an integration area
(prism), P, and by two triangles (T1 and T2 ) from which
the area derives. A geometric transformation FK is deﬁned
as:
FK : P̂ → P

with

and T expressed as:

FK (x̂, ŷ, ẑ) = N (x̂, ŷ, ẑ)T
⎛

x1
⎜ x2
⎜
⎜x
T =⎜ 3
⎜ x4
⎝x
5
x6
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(3)

⎞
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⎟
z3 ⎟
z4 ⎟
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z5 ⎠
z6

(4)

and N as:
N (x̂, ŷ, ẑ) = λ̂1 (x̂, ŷ, ẑ), λ̂2 (x̂, ŷ, ẑ),
λ̂3 (x̂, ŷ, ẑ), λ̂4 (x̂, ŷ, ẑ), λ̂5 (x̂, ŷ, ẑ), λ̂6 (x̂, ŷ, ẑ)

(5)

where (x1 , y1 , z1 ), (x2 , y2 , z2 ), . . . , (x6 , y6 , z6 ) are the coordinates of the nodes associated with the overlapping element K (i.e., the coordinates of N1 , N2 , . . . , N6 ) and

Coil mask

S1

D1
D0
z

D2

y

S2

(b)
(a)
x

Fig. 1. (a) Test conﬁguration in 3D, (b) surfaces to connect.
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(a)

(b)
Coil

(c)

Fig. 2. (a) Projection of S1 and S2 on the same plane, (b) intersections of the triangles of S1 and S2 , (c) subdivision of D0 into
prisms.

λ̂1 (λ̂2 , . . . , λ̂6 respectively) is the nodal shape function associated to N̂1 (N̂2 , . . . , N̂6 respectively) in the reference
element. The coordinates (ai , bi , ±1), i ∈ {1, . . . , 6} are
calculated for each integration area by solving the following simple system:
FK (P̂ ) = P.

(6)

The six shape functions [7] associated to the nodes N̂i ,
i ∈ {1, . . . , 6} can be expressed as follows:
⎧
⎪
⎨ λ̂i (x̂, ŷ, ẑ) = 1 − ẑ λ̂T̂i 1 (x̂, ŷ) i ∈ {1, 2, 4}
2
,
(7)
1 + ẑ T̂2
⎪
⎩ λ̂i (x̂, ŷ, ẑ) =
λ̂i−3 (x̂, ŷ) i ∈ {4, 5, 6}
2

where λ̂T̂i 1 (x̂, ŷ), i ∈ {1, 2, 3} (λ̂T̂i 2 (x̂, ŷ), i ∈ {1, 2, 3}, respectively) are the three nodal shape functions associated
to the triangle T̂1 (T̂2 , respectively). The two weighting
1+/−ẑ
are used to extend these 2D shape functions and
2
insuring the continuity of the interpolated scalar ﬁeld in
D0 and on its interfaces.
The nodal shape functions are associated to the two
triangles from which the prism derives. It follows that the
inﬂuence of the domain D0 on the conditioning of the matrix system and on the convergence and accuracy of the
system solver only depends on the quality of the initial S1
and S2 triangular meshes.
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(a)

(b)

Fig. 3. Reference element used for the calculation of the integral terms.
Table 1. Parameters of the ﬁrst test case.

The edge shape function expressions are:
⎧
1 − ẑ T̂1
⎪
⎪
⎪ ψ̂ i (x̂, ŷ, ẑ) = 2 ψ̂ i (x̂, ŷ) i ∈ {1, 2, 3}
⎪
⎪
⎨
P̂
ψ̂ i (x̂, ŷ, ẑ) = ψ̂ i (x̂, ŷ, ẑ) i ∈ {4, 5, 6}
⎪
⎪
⎪
⎪
⎪
⎩ ψ̂ (x̂, ŷ, ẑ) = 1 + ẑ ψ̂ T̂2 (x̂, ŷ) i ∈ {7, 8, 9}
i
i−6
2
T̂1
ψ̂ i (x̂, ŷ) i

the conditioning of the matrix system and on the convergence and accuracy of the system solver only depends on
the quality of the initial S1 and S2 triangular meshes. By
cons, the three vertical edges are associated to the prism.
These edges can become very small when considering a
very thin domain. Nevertheless the prism can be ﬂattened
in some measure without signiﬁcant increase of the conditioning of the matrix system. It follows that in practice
conditioning problems were not encountered in this work.

0.53
11.05
70
1

(8)
0.4
0.35

T̂2
(ψ̂ i (x̂, ŷ) i

∈ {1, 2, 3}
∈ {1, 2, 3}, rewhere
spectively) are the three edge shape functions associated
P̂
ψ̂ i (x̂, ŷ, ẑ)

to the triangle T̂1 (T̂2 , respectively) and
i ∈ {4, 5, 6} are the edge shape functions associated to
the three vertical edges of P̂ . These three last shape functions correspond to new edge unknowns introduced in the
D0 domain. For each prism six horizontal edges are considered and three vertical edges are added in the system
of unknowns. The six horizontal edges are associated with
two triangles (one issued from the S1 mesh and the other
from the S2 mesh) then the inﬂuence of these edges on
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Coil inner radius (mm)
Coil outer radius (mm)
Number of coil turns
Excitation frequency (kHz)
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Analytical calculation
a-Ψ overlapping
t-Φ overlapping
t- Φ classical FEM
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Fig. 5. Reactance of the coil vs. height/radius ratio.

2.06e+005

4.11e+005

(b)

Fig. 4. (a) Prismatic mesh of the coil, (b) source vector t0 (A/m) calculated in each prism of the coil mesh.
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(a)

(b)
Fig. 6. (a) Description of the second test case, (b) mesh of the diﬀerent subdomains.

The source vector potential t0 describing for both formulations the coil current density is non-null in the coil
and in its (air or magnetic) internal core. It can be calculated analytically for a simple coil geometry or by FEM for
complex coil conﬁgurations (e.g., distorted ﬂexible coil) [8].
Since t0 × n = 0 has to be veriﬁed on the boundary of
the domain of t0 [5], t0 is discretized on the vertical edges
of D0 belonging to the coil and its core.

4 Tests and results
4.1 Flat coil in air
In this ﬁrst example, the range of validity of the modeling
of a ﬂat coil with our method is evaluated. The source

current density of the coil can be described either with
an analytical or with a numerical approach depending on
the geometrical complexity of the coil. In the example the
coil is axisymmetrical as shown in its mesh of Figure 4a.
In this study t 0 is calculated analytically. It is parallel to
the coil axis and its distribution is shown in Figure 4b.
Table 1 gives the parameters of the coil. The coil is placed
in air. As usual in ECT modeling the coil is treated as
a non-conducting domain crossed by a current density
of uniform intensity [9]. Its apparent resistance is then
null in the absence of conducting part since the resistance
due to the coil wires is not considered in the modeling.
The coil reactance has been calculated with respect to the
coil height for the two formulations by the overlapping
method and by the classical FEM with only tetrahedral
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Table 2. Parameters of the second test case.
Coil parameters
Length of the inner side (mm)
Length of the outer side (mm)
Number of turns
Height (µm)
Lift-oﬀ (µm)
Gap between the two coils (µm)
Frequency (MHz)
Flaw parameters
Length L (mm)
Depth D (mm)
Width W (mm)
Plate parameters
Conductivity (MS/m)
Thickness (mm)

0.2

0.21
1
40
20
50
5
4

imaginary
part (Ω)

0.1
0
-0.1

CIVA
a-Ψ formulation

Real part ( Ω)

t-Φ formulation

-0.2

0.4
0.2
0.1

-2

-1

0

1

2

Probe displacement (mm)

0.76
3

Fig. 7. Variation of the transmitter impedance due to the ﬂaw.

0.15

elements. A comparison with an analytical magnetodynamic model [9] is also provided, see Figure 5. The two
formulations with the overlapping method are very close
to the analytical calculation for a height ranging until several percent of the outer radius. Above 10% of the outer
radius, the mesh of the coil becomes too coarse since there
is only one layer of overlapping element in this example.
Nevertheless, the use of the overlapping method is unnecessary in this case since the classical FEM calculation
becomes satisfactory. The number of elements of the classical FEM meshes varied between 27 550 tetrahedra for a
very ﬂat coil and 82 882 for the thickest one. The computation time rises for the coils with small thicknesses which
may be due to the bad quality of some elements of the
mesh. The number of elements of the mesh with the overlapping method is constant: 27 624 tetrahedra and 6274
prisms created in the overlapping domain.

4.2 Separated function probe with ﬂat coils
In this test case, a probe with separated transmitter (T )
and receiver (R) functions is considered. One coil (transmitter) is used to create an alternating electromagnetic
ﬁeld while a second coil (receiver) is used for the reception of the response of the tested material. This type of
probe is usually more eﬃcient than the double function
probes (one coil acting simultaneously as transmitter and
receiver) since it is generally less sensitive to external perturbations. The T-R probe is made of two identical rectangular ﬂat coils and is moved along the length of a rectangular ﬂaw present in a conductive plate. The conﬁguration
is illustrated in Figure 6a and its parameters are given in
Table 2.
The studied domain is divided into two parts. The ﬁrst
part, D1 , is a box of air while the second part, D2 , contains the conducting plate (Fig. 6b). These two domains
are separated by two non-meshed layers where overlapping elements are applied (once the integration areas are
detected in D0 , a division of D0 in several layers can be
easily performed [4]). The top layer is for the probe and

0.1

imaginary
part (Ω)

0.05
0
-0.05
Real part (Ω)
CIVA

-0.1

a-Ψ formulation
t-Φ formulation

-0.15
-0.2
-2

-1

0

1

2

Probe displacement (mm)

Fig. 8. Variation of the probe transimpedance due to the ﬂaw.

the other one for the lift-oﬀ domain (air). For the modeling of the probe, a 2D surface S12 is added between S1
(which includes the 2D mask of the probe) and S2 . S12 is
the duplication of S1 between the two surface meshes S1 ,
S2 in such a way that the thickness between S12 and S1 is
equal to the thickness of the coils whereas the thickness
between S12 and S2 is equal to the lift-oﬀ thickness. The
probe is taken into account by the application of overlapping elements between S1 and S12 . The lift-oﬀ is taken
into account by applying the same technique between S12
and S2 .
The probe and the ﬂaw are centered along the x axis
(Fig. 6). The 1D scan along the ﬂaw length is performed
without remeshing by displacing the box D1 and by applying the overlapping method for each probe position.
For each of these positions, the impedance of the transmitting coil and the transimpedance of the probe are calculated. These calculations are performed for both electric
and magnetic formulations. The real part of the
impedance of the transmitting coil is determined by calculating the Joule losses in the conductive media. The imaginary part of this impedance is determined from the magnetic energy stored in the entire meshed space. The probe
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transimpedance is deﬁned as:
ZTR =

jωφR
,
IT

(9)

where φR is the magnetic ﬂux generated in the receiving
coil, IT is the intensity √
of the current passing through the
transmitting coil, j = −1 and ω is the pulsation. The
calculation of the ﬂux is presented in reference [10], for
both dual formulations. The variations of the impedance
and of the transimpedance due to the ﬂaw are calculated
by subtracting for each of them the values with and without ﬂaw.
As part of collaboration with the laboratory LIST from
CEA, the FEM results are compared with results issued
from the software CIVA [11]. This software developed at
CEA is based on the volume integral method. Figure 7
shows the imaginary and real parts of the variation of the
impedance of the transmitter coil during the scan. Figure 8
represents the imaginary and real parts of the variation of
the probe transimpedance during the scan.
It can be observed that the results of the two FEM formulations are very close to the CIVA calculations. It can
be concluded that the proposed approach is well adapted
to model ﬂat probes and their displacement.

5 Conclusion
In this paper, the overlapping method has been used for
the modeling of ﬂat printed coils used in ECT. The displacement of the probe is also taken into account with this
method. From the two test cases the following conclusions
are drawn. Firstly, this method provides a satisfactory approximation for the modeling of the printed coils. In fact,
a large range of ﬂat probes can be considered with this
technique (e.g., double or separated function probes with

circular or rectangular coils). Secondly, it is well suited to
take into account the displacement of the probe without
remeshing thanks to the non-conformal mesh connection
of the method. Moreover, this technique is well adapted for
modeling several kinds of thin layers with diﬀerent physical characteristics. In this way the lift-oﬀ of the probe can
be easily taken into account in the modeling by adding a
second layer of overlapping elements.
This work was supported by DIGITEO, Île-de-France Region
and CEA LIST.
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