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Abstract. Mixing and chaotic advection are studied in a liquid electrolyte set in motion by an electrical
current passing through the ﬂuid which is perpendicular to a magnetic ﬁeld (Laplace force). Since the
characteristic length in this system is very small, the inertia terms are negligible and the ﬂuid motion is
governed by the Stokes equations. Chaotic advection can occur in this ﬂow if the potential between two
electrodes is modulated time-periodically. Two tools have been implemented to characterize mixing in this
ﬂow. Poincaré sections are plotted in order to distinguish between regular and chaotic regions and the
advection of a blob of dye injected into the liquid is calculated and successfully compared to experiments.
This very small device is shown to be an eﬀective ﬂuid mixer.

1 Introduction
In certain medical and biological experiments it is necessary to mix a very small amount of a molecular substance
into a similarly small amount of liquid solution. Molecular
diﬀusion is a too slow process and agitation, if possible, is
not an option because it would break the long molecules
that are to be mixed. In these ﬂows, at least one characteristic length is very small, between 10−3 and 10−6 m,
the study of these particular ﬂows is a relatively new science called micro-fluidics. Since the characteristic length
is very small, the inertial forces in these ﬂows are negligible and the motion is governed by the Stokes equations.
Chaotic advection (sometimes called Lagrangian turbulence) can be used to rapidly mix the long molecules
into the ﬂuid without breaking them. Chaotic advection
is possible in two-dimensional time-dependent ﬂows and
in three-dimensional ﬂows that are either spatially periodic or time-periodic. One apparatus that has been widely
studied to study chaotic advection is the journal bearing
ﬂow [1], it consists of ﬂuid between two eccentric rotating cylinders. When the two cylinders turn at constant
velocity in opposite directions, a saddle point is formed in
the region of minimum gap (homoclinic point). Perturbing
this saddle point, for example by modulating the velocity
of one cylinder time-periodically, leads to chaotic advection [2]. An interesting similar conﬁguration but with two
saddle points connected by two diﬀerent streamlines (heteroclinic point) [3] showed that transport by chaotic advection was enhanced even further.
However, at the length scales considered here, moving
boundaries or a system containing moving parts are not
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practical options. If the liquid is slightly conductive, as in
most practical cases, an electrical current passing through
the ﬂuid and perpendicular to a magnetic ﬁeld (Laplace
force) can be used as the driving force to set the ﬂuid
in motion. Numerous ﬂow conﬁgurations can be studied,
ﬁnding the adequate geometry and position of each pair
of electrodes and of the magnets is part of the problem.
Chaotic advection can occur in a 2-D ﬂow only if it depends on time. In the ﬂows considered here this is relatively easy, one can just modulate the electrical current
density of a given pair of electrodes.
The ﬁrst aim of this work is to study a ﬂow generated with only two magnets and an almost uniform current density, the coupling between electromagnetism and
ﬂuid mechanics is studied in detail. The electromagnetic
generation of ﬂows in an electrolyte can be used in many
industrial applications, especially when the length scales
are of the order of micro- or millimeters [4].
Setting ﬂuids in motion as well as mixing diﬀerent
components in order to obtain a homogeneous mixture
presents real diﬃculties at these small length dimensions.
The ﬂows generated by any driving force under these conditions are laminar, the trajectories of given particles of
ﬂuid are regular and do not lead to eﬃcient mixing. Controllable body forces that can generate movement specifically adapted to mixing, i.e., rotational and time dependent (here time-periodic) so as to create chaotic advection,
can overcome this drawback.
The second objective of this work is to describe and
apply some models and tools that allow the analysis of
electromagnetically induced mixing by chaotic advection.
Chaotic mixing and its implementation by means of electromagnetic forces is a potential source of innovative
future applications.
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2 The MHD mixer and its modeling
The MHD mixer that we have designed consists of a tank
(diameter 2.8 cm) containing the electrolyte (2 ml of copper sulfate solution with glycerol added to increase the
viscosity, which has an electrical conductivity of 1.8 S/m)
within which are disposed electrodes Γs , Γe , Γn and Γw
(copper strips) for current injection using two voltage
sources connected on one hand between Γs and Γn and
on the other hand between Γw and Γe . Two cubic magnets (5 mm, NdFeB, 0.5 T measured at their poles) are
positioned below the tank as close as possible to the electrolyte. One magnet has its north pole and the other its
south pole facing upwards.
This MHD mixer can eﬀectively be built relatively easily, at least at the mm scale. Experiments are performed
here to compare with numerical and analytical models.
2.1 Electromagnetic model
The steady-state electrical conducting model is suﬃcient
to obtain the current density in the electrolyte, even if
the electric ﬁeld corresponding to the voltage supplied by
the electrodes depends on time and even in the presence
of a magnetic ﬂux density due to the magnets and the
current itself. In fact, the time variation is very small (the
frequency is <1/10 Hz). On the other hand, the velocities
in the electrolyte are also small (<10 mm/s) and the total
current is <0.1 A.
With usual notation, D is the conductive region of the
electrolyte, the electric scalar potential ϕ is a solution of
the problem:
⎧
∇ · σ∇ϕ = 0 in D
⎪
⎨
ϕ = 0 & Vn on Γs & Γn
,
(1)
⎪
⎩ ϕ = 0 & Ve on Γw & Γe
∂n ϕ = 0
on other boundaries
where σ is the conductivity of the electrolyte and Vn , Ve
are the applied voltages. The boundaries Γx are deﬁned in
Figure 1. The current density j and Laplace force density
f are, respectively:
j = −σ ∇ϕ

and f = j × b,

(2)

where b is the magnetic ﬂux density due to the magnets.
A Coulombian description is used, the magnetic scalar potential is computed by an integral formulation, the sources
are the magnetic charges on the north and south poles
of the magnets (top and bottom faces of the cubes). Let
us label Φe (z  , x ) (an intermediate variable that contains
the geometric part of the magnetic scalar potential, which
depends on x = x k x + y k y + z k z the point where
the magnetic induction is needed and the vertical coordinate z  of a variable position inside the magnets x  =
x k x + y  k y + z  k z ) as
Φe (z  , x ) =

a/2
−a/2

dx

a/2

−a/2

dy 

1
.
|x − x  |

(3)

Fig. 1. Sketch of a circular disk containing the electrolytic
solution, the positions of the electrodes and magnets (north
and south poles are indicated approximately). The region D of
the electrolyte is a cylinder whose boundary ∂D is split into
Γb , Γt (bottom and top), and Γs , Γe , Γn , Γw , its interface with
the south, east, north and west electrodes. The other part of
∂D is not labeled. In the right ﬁgure is a photograph of the
experimental setup.

If the two cubic magnets (of length a) are placed one beside the other below the circular tank, the magnetic ﬂux
density is
b
= ∇Φe (0, x + a/2k x ) − ∇Φe (0, x − a/2k x )
μ0 M
−∇Φe (−a, x + a/2 k x ) + ∇Φe (−a, x − a/2 k x ),
(4)
where μ0 is the vacuum permeability and M is the magnetic moment per unit volume of the magnets. The values
of function Φe and its gradient are obtained by a closed
analytical formula produced by a symbolic computation.
The formula is too long to be written but it poses no singularity problems since the magnetic ﬂux density is needed
outside of the region enclosed by the north and south poles
of the magnets.
As speciﬁed earlier, the voltages Vn and Vs depend on
time but they vary very slowly (the typical period is 10 s)
so that the transient state of the electromagnetic model is
not necessary to be considered.
Even if the electrical problem (1) is in fact 2-D and, in
order to simplify the connection with the ﬂuid ﬂow computations, which is 3D as explained below, the scalar potential is computed with the ﬁnite element method in a 3-D
tetrahedral mesh with a P2 interpolation. The magnetic
ﬁeld is obtained by an approximation of the magnetic induction values on this P2 basis and then the Laplace force
density, which is used verbatim on the same mesh as for
the ﬂuid ﬂow computation, becomes piecewise P1 in each
element.
2.2 Flow field calculation
As stated earlier, the velocities in the electrolyte are suﬃciently small so that inertial eﬀects can be neglected. The
ﬂow ﬁeld is calculated by solving the Stokes equations over
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the entire domain. For velocities in the range of 1 mm/s, a
characteristic length dimension of L = 5 mm corresponding to the size of magnets and a kinematic viscosity of
10−5 m2 /s the value of the Reynolds number ρ/μ L v
is 0.5. Furthermore, the ﬂow is assumed to be at steady
state at each time instant (quasi-static approximation).
The period used for the time dependence of the voltages
is T ≈ 10 s so that the corresponding Strouhal number
L/(T v) is 0.5. This conﬁrms our hypothesis, comparison
with experiments later on will also justify this.
The velocity ﬁeld v is then computed by solving the
creeping-ﬂow equations [5]:

μ∇ × ∇ × v + ∇P = f − ρ g k z
in D,
(5)
∇·v =0
where μ ≈ 10−2 Pa s is the ﬂuid viscosity, ρ ≈ 103 m3 /s
is the ﬂuid density, g is the gravitational acceleration and
P is the pressure. The driving force f is the Laplace force
density f . It is time dependent because the voltages Vn
and Ve are time dependent. Thus the velocity ﬁeld is also
time dependent.
The boundary ∂D of the electrolyte has two components: Γt the top interface (free surface) and ∂Dt = ∂D/Γt
the complementary boundary. The normal component of
the velocity vanishes everywhere on this boundary
v · n = 0 on ∂D.

(6)

There is also the no-slip condition on ∂Dt
v × n = 0 on ∂Dt .

(7)

If D is the rate-of-strain tensor and P0 is the atmospheric
pressure then, neglecting the shear stress at the free surface, the force balance at the free surface Γt is
−P n + 2μDn = −P0 n on Γt .

(8)

This is a free boundary problem, the shape of the free
surface Γt has to be computed [6]. To simplify the calculations and since the velocities are small, it is possible to
assume that Γt is ﬂat. Then if the velocity is
v = uk x + vk y + wk z ,

(9)

the tangential part of (8) combined with (7) (w = 0 on
Γt ) becomes
(10)
∂n u = ∂n v = 0 on Γt ,
and can be completed with (6) applied to the normal
component w of v on Γt as
w = 0 on Γt .

(11)

The computation model of the ﬂuid ﬂow is still established
in 3-D: (5) in the electrolyte region D, (6) and (7) on ∂Dt
and (10), (11) on Γt . The region D has a small thickness
in the k z direction and the components u and v are larger
than w. However the 3-D model is still needed to take
into account both the viscous friction with the bottom of

the tank and the 3-D nature of the electromagnetic force
density.
The Stokes equations lead to a saddle point problem
since pressure is in fact a Lagrange multiplier of the zero
divergence constraint on the velocity. The Uzawa algorithm [7] (the pressure being given, the velocity is computed without taking into account the zero divergence
constraint; when the velocity is given, the pressure distribution is computed by using the previously obtained
divergence; calculations are resumed until convergence is
attained) is used with the help of a P2 interpolation on
each tetrahedron for the velocity components and P1 for
the pressure ﬁeld.
2.3 Advection model
The Eulerian velocity ﬁeld has been calculated above.
However, to implement several tools useful in the study
of chaotic advection, the trajectories of ﬂuid particles in
the ﬂow (Lagrangian tracking) are necessary. The trajectories of liquid particles in the ﬂow may be computed by
solving:
 dk
dt = v (t, X )
,
(12)
X(t) ∈ D such as
X (0) = x 0 ∈ D
where x 0 is the initial ﬂuid particle position.
As stated above, due to the very small depth of the
electrolyte, the w component of the velocity ﬁeld (9) is
also small and the liquid particles are almost only advected
in the k x , k y plane. If the trajectories are assumed to lie
only in this plane, then (12) reduce to the following 2-D
problem:
 dX
dt = v t (t, X )
,
(13)
X(t) ∈ Γt such as
X (0) = x 0
∈ Γt
where

v t = u(z = e) k x + v(z = e) k y .

(14)

Two tools can be used to estimate the degree of mixing in
this ﬂow [8]. The ﬁrst one is the Poincaré section; the trajectories of several initial positions, identiﬁed by diﬀerent
colors, are calculated and the position at the end of each
period of the given time-periodic protocol is plotted. After
many periods (say 1000), the Poincaré section will show
qualitatively regions where there is mixing and regions
where there is no mixing. The Poincaré sections plotted
here use the assumption that the ﬂow is two-dimensional,
they give an indication of the long-term mixing behavior
of this ﬂow.
The second tool is dye advection experiments; a blob
of dye, composed of a certain number of particles and at
a given initial position, is advected by the velocity ﬁeld.
The shape of the blob during the process and the length of
the blob at the end of each period indicate, qualitatively,
the short-term mixing behavior is studied with this tool.
These numerical experiments can be compared to real experiments to test the several assumptions regarding the
ﬂow used above.
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Fig. 2. The k z component of the magnetic ﬂux density for z = 0 (bottom), 1 mm and 2 mm (top of the electrolyte).

The velocity ﬁeld in the 2-D triangular ﬁnite element
mesh of the boundary Γt inherits the P2 approximation
on the 3D mesh. However to simplify the calculations, the
approximation is weakened to P1 for the Poincaré sections
and the dye advection experiments. Then the integration
of (12) can be performed exactly in each element and the
algorithm consists in the tracking of the next element to
start again the integration process. The obtained times
and positions are connected to each other, it is suﬃcient
to plot the Poincaré sections.
The dye advection experiment requires a supplementary task. The blob is represented as a connected set of
points on a broken closed line and after that each of these
points is advected, this connection can become too coarse.
The distance between two adjacent points which are the
extremities of a linear segment becomes too large (if there
is chaotic advection), then the segment is broken into two
segments built with the middle point and the process of
advection is repeated with these two segments (preserving the results already obtained). The algorithm is implemented in a recursive way.
Both methods are qualitative although one can quantify the stretching and mixing by calculating the length
of the blob. The optimum modulation frequency was determined empirically; in a future study we will use the
Melnikov method [2,8] to obtain a more rigorous result.

3 Results
3.1 Electromagnetic fields and fluid flow
Figure 2 shows the k z component of the magnetic ﬂux
density (4), which is important in the expression of the
Laplace force density (2). This component varies strongly
with the distance to the magnets, this dependence cannot
be neglected.
Figure 3 shows the streamlines corresponding to the
2-D velocity ﬁeld (14). They are computed from v u by
minimizing the functional

ψ−→ (uk x + vk y − ∇ψ × k z )2 dxdy,
(15)
Γ

with respect to any ψ which vanishes on the boundary of
Γt . The minimizing argument is also denoted ψ and its
iso-values are the streamlines.

Fig. 3. Streamlines of the 2-D velocity ﬁeld v u on Γt for the
conﬁgurations where the current lines are (almost) horizontal
(left) and vertical (right).

These streamlines are computed for the two orthogonal conﬁgurations where only one of the four electrodes
has a unity potential and the others are connected to the
ground: on the left the east electrode and on the right the
north one. The ﬂows patterns are dominated: on the left
by an elliptic point (except for the small recirculation on
the right) and on the right by a hyperbolic saddle point.
3.2 Advection
If only one of the preceding velocity ﬁelds is used any point
is advected along its streamline then there is no mixing by
chaotic advection. The shape of a blob of dye changes but
inside a bounded region (the region bounded by the two
streamlines where the blob was placed initially). If the two
conﬁgurations are used time-periodically:
Ve = V sin (2π f t); Vn = V (1 + cos (2π f t))
,
(elliptic ﬂow)
(hyperbolic ﬂow)

(16)

then the global ﬂow becomes unsteady and also chaotic
mixing occurs.
The goal here is to ﬁnd values of the parameters V
and ω that can generate complex trajectories for a given
particle, which ideally go everywhere inside Γt . We have
used a voltage V = 1 V and a frequency f = 0.05 Hz. An
initial blob is introduced at the center of the electrolyte;
its surface is ≈25 mm2 and its perimeter is ≈12 mm. The
shape of the blob is photographed at the end of each period during the experiment. A computation using the described model is also performed and a comparison is shown
Figure 4 for a sequence of nine periods.
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Fig. 4. Sequence of blob of dye shape at times 0, 1/f, . . . 9/f . Experiment (up) and computation (down).

p(m)

timelaw (1

6)

10

5

Fig. 5. Zoom of the blob at 8/f = 160 s.

Although the shapes of the blobs are not exactly the
same (due to the uncertainty in the initial location of the
blob), the qualitative agreement is very good. Figure 5
shows a zoom at the end of period 8. One can note from
the ﬁgure that the experiments and the numerical code
give the same number of striations, the stretching and
folding characteristic of chaotic advection. One can conclude that numerical computations and experiments are
in good agreement, thus validating the several hypotheses
given above.
The dye advection experiments can only be performed
for a limited amount of periods because the stretching
and folding of the blob leads to a dramatic increase in the
number of points needed to describe its boundary and in
the total amount of computations of ODE (13).
In Figure 6 we plot the perimeter of the blob versus
time. The initial length is 12 mm, the plot shows that it
increases exponentially and reaches a length of 10 m in

Hyperbolic
Elliptic

0
0

50

100

150

t(s)

Fig. 6. Perimeter of the blob versus the time. The curves
labeled hyperbolic and elliptic corresponds to the computation
in these cases.

8 periods. We also estimate the average thickness of the
blob, it is 25 mm2 /10 m ≈ 2.4 μm at the end of 8 periods.
This small thickness, for which transfer by diﬀusion is important, explains why the details of the blob disappear in
the experiment even with a zoom.
The Poincaré section method allows to analyze the
long-time advection process. Figure 7 shows the 8 initial
points, the 8 × 11 points corresponding to the position of
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using a time-periodic Laplace force to set the ﬂuid in motion. The apparatus presented here consists of a liquid
electrolyte in a circular container, two sets of electrodes
and two magnets placed in the bottom are responsible for
the Laplace force. The ﬂow equations have been solved
for the non-inertial case and dye advection numerical experiments have been compared successfully to real experiments. Poincaré sections have also been plotted. The
length of this device can be reduced by an order of magnitude in the future. Future work will deal with improving
the modulation protocol. Here, the electrical supply is the
superposition of a DC current and a two-phase AC current, a three-phase current could probably give improved
results.
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