Eur. Phys. J. Appl. Phys. 31, 195–209 (2005)
DOI: 10.1051/epjap:2005059

THE EUROPEAN
PHYSICAL JOURNAL
APPLIED PHYSICS

Wall shear stress in a laminar flow through a collapsed tube
with wall contact
S. Naili1,a , M. Thiriet2,b , and C. Ribreau1,c
1
2
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Abstract. The present work aims at studying mainly the wall shear stress of a laminar steady ﬂow of an
incompressible Newtonian ﬂuid which is conveyed through a collapsed tube with a straight centreline. This
tube is composed of a tapered segment, a contact segment where the opposite walls touch and a reopening
segment. The tube geometry and steady ﬂow characteristics are obtained from measurements in a collapsed
tube. The Navier-Stokes equations associated with the classical boundary conditions are solved using the
ﬁnite element method. The tridimensional ﬂow results from the tube conﬁguration. In particular, the ﬂow
consists of two side-jets due to two tear-drop shaped outer passages in the downstream contact segment
associated with reversed ﬂow. In order to compute both the stream-wise and cross-wise components of the
shear stress on the wall, a local basis is deﬁned in each wall node. Downstream of the contact segment, ﬂow
is separated in two jets which are studied though the help of the velocity ﬁeld and the wall shear stress.
PACS. 47.15.-x Laminar ﬂows – 47.60.+i Flows in ducts, channels, nozzles, and conduits – 83.50.Ax
Steady shear ﬂows, viscometric ﬂow

1 Introduction
Flow through collapsible tubes has been widely investigated because it models certain biological ﬂows, such as
the blood ﬂow in veins or the air ﬂow in bronchi during
forced expiration for example. Veins and bronchi can, indeed, collapse under suﬃciently low transmural pressure
(the diﬀerence between internal- and external pressure).
Flows in collapsible tubes are also studied for industrial
applications. For example, pharmaceutical industries use
ﬂexible channels for separation and puriﬁcation processes.
In biotechnologies, compliant tubes are used to control the
ﬂow rate for drug delivery; their collapsibility allows to
achieve a very low ﬂow rate over a week [1–3]. In hydrology, an auto-regulated device with constant discharge for
irrigation networks was directly inspired by the compliant
tube set-up [4]. A retention basin is equipped with a deformable pipe. The higher the water level of the basin is
and, consequently, the higher the pressure to which the
deformable pipe is subjected, the greater the pipe constriction is.
Over the past decades, many studies have analyzed
the behavior of ﬂuid ﬂow through collapsible tubes. Meaa
b
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surements have been performed in a simple device, the
Starling resistor [5]. A ﬂow is conveyed through a thinwalled compliant straight tube which is mounted horizontally between two rigid tubes and enclosed in a rigid
transparent chamber. The chamber pressure surrounding
the compliant tube, the upstream and downstream pressures, the longitudinal tension and the volume ﬂow rate
can be adjusted. Results exhibit a set of peculiar phenomena. Among these, ﬂow limitation which occurs when an
increase in pressure drop fails to induce a ﬂow-rate rise,
due to either a choking mechanism or to viscous eﬀects.
Choking or “wave-speed limitation” is similar to ﬂow limitation in gas ﬂows through the throat of Laval nozzles or
hydraulic jumps in shallow-water ﬂows. To model these
physical phenomena, theoretical works have to overcome
a set of diﬃculties: (i) possible unstable behavior even
with steady settings; (ii) possible time-dependant contact
between the opposite tube walls; and (iii) the coupling between ﬂow and tube’s deformation. One-dimensional models, introduced by Oates [6], and revisited by Comolet [7]
and Shapiro [8], although simple, were useful to understand ﬂow phenomena such as ﬂow limitation (e.g. [8]
and [9] for a larger analysis). Two-dimensional models
were proposed for a better understanding of wave propagation and oscillations in collapsible tubes (e.g. [9,10]
and [11] for a review). Three-dimensional models were
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initiated by Heil and Pedley [12]. However in these last
models, the three-dimensional deformation of the wall was
associated with a one-dimensional ﬂow model. More recently, this model was improved to take into account threedimensional ﬂows at low Reynolds numbers without any
wall contact [13]. At the opposite, the velocity ﬁeld of a
steady ﬂow at high a Reynolds number in a strongly collapsed tube with wall contact was investigated for a frozen
tube shape [14,15].
The collapsible-tube ﬂow model exhibits a set of physical phenomena which were studied overlooking sometimes
the connection with physiology. The main physical variables of interest are the pressure and velocity. However,
collapsible-tube ﬂow was also investigated to explain biological processes, at both macroscopic and microscopic
scales. The metabolism of endothelial cells depends on the
ﬂuid stresses and their time and space gradients applied
to the cells membrane. In particular, the wall shear stress
was found to be a major factor aﬀecting various functions
of these cells. Most often, the biological functions of the
endothelial cells are experimentally explored in ﬂow chambers under controlled ﬂow regime. In particular, straight
collapsed channels with wall contact were designed to experiment the cell behavior when they were subjected to
both traction and torque at the tube wall generated by a
steady laminar fully developed ﬂow [16]. The rigid channel has an axially uniform cross section. Other work was
developed to investigate the steady laminar ﬂow of incompressible ﬂuid through a rigid smooth straight tube with
axially-uniform collapsed cross sections [17,18]. The crosssection shape was found to aﬀect the transverse distribution of the wall shear stress even after the entry length.
The main conclusion from these studies is that the magnitude, the orientation and the space gradient – in steady
conditions – of the wall shear stress must be known to
determine the stimuli aﬀecting the cell’s functions.
Indeed, this earlier research showed that the endothelial cell response to ﬂow varies and is highly sensitive to the
spatial stresses. As far as the authors know, investigations
of the wall shear stress has received little considerations in
the literature for the non-uniformly collapsed tubes with
a zone where the opposite walls are in contact. Although
bi-lobed wall contact in veins remains questionable in everyday life, the vessel tapering and its ﬂattening could to
occur in vivo, at least in leg veins [19].
This article investigates the numerical simulation of
a steady laminar ﬂow of incompressible Newtonian ﬂuid
through a rigid collapsed tube. The shape of the collapsed
tube has been reproduced from ultra-sound measurements
of cross sections in a Starling resistor at a given ﬂow conditions which have lead to a Reynolds number Re equals
1210. Along of its axis, this tube exhibits three successive
segments: (i) a tapered segment; (ii) a contact segment;
and (iii) the reopening segment. Thus, the ﬁrst aim of this
study is to present the details of the three-dimensional velocity ﬁelds in this collapsed tube. A secondary aim is to
design a numerical method in order to compute the viscous stress vector on the tube wall from the velocity ﬁeld.
This viscous stress vector is split in the normal and tan-

gential components at the lateral surface of the tube. In
order to explicit the contribution of the each component,
a local basis is deﬁned in each point of the lateral surface
of the tube.
After this brief review, the method is introduced in
Section 2, in particular the tube geometry deﬁnition, the
numerical method used to solve the Navier-Stokes equations and to compute shear stresses at each point of the
computational mesh. The results are described and discussed in Section 3.

2 Methods
2.1 Collapsed tube shape
A collapsible tube is attached on circular rigid tubes at
both ends inside of a transparent box ﬁlled with water [14]. The downstream part of the tube is connected
to a constant-level reservoir via a rigid tube. Water supply is ensured by gravity forces from a constant-head tank.
Two in-parallel valves upstream from the test section ensures the volume ﬂow-rate control. The volume ﬂow-rate is
measured by an electromagnetic ﬂow-meter; the estimated
relative error is approximately of 0.3%. Thin-walled elastic tubes, of elliptical unstressed cross-section (transmural
pressure p = 0), have a density close to the water one. The
frozen conﬁguration used in the present study was deﬁned
for a ﬂow rate of 16.2 ml.s−1 , i.e. for a Reynolds number
Re of 1210 calculated from the diameter and the crosssectional average velocity in the inlet rigid tube.
The tube’s axis ez is related to the Cartesian framework R(O; ex , ey , ez ), where O is the point situated on
the z-axis at the inlet cross section and (ex , ey , ez ) an orthogonal basis for the space. An echograph is employed
to visualize the shapes of selected tube’s cross sections
along the z-axis. The probe slides on a support aligned
with the tube in order to limit measurement errors. The
elastic tube was scanned especially in the segment of high
cross-section variations. These cross sections are denoted
by Si , where i is an integer associated with the axial position. The two circular cross sections located at both ends
are denoted by S1 to S11 . The nine cross sections from S2
to S10 are called the input cross sections in what follows
and are respectively located at the axial positions from z2
to z10 , given in Table 1. Following a convergent portion,
between S1 and S8 , the short contact portion, between S8
and S9 , leads to a divergent, between S9 and S11 .
The unstressed tube geometry (subscript 0) is measured, once ﬁxed in the rigid box, before any ﬂow experiment. The echographic images of the cross sections was
digitalized by using Autocad software. The unstressed wall
mid-line of the cross sections was ﬁtted to an ellipse of area
A0 the perimeter of which was χ0 [20]. Both A0 and χ0
were nearly constant along the tube length. The values
of the major a0 and minor b0 semi-axes were calculated
from A0 = πa0 b0 and χ0 ∼ π((a20 + b20 )/2)1/2 ; the closedform solution of this system is given by a0 = 7.5 mm
and b0 = 6.3 mm (k0 = a0 /b0 = 1.2). The thickness
h0 = 0.3 mm is given by the quadratic average of twenty
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Table 1. The second line of the table gives the axial position zi of the characteristic cross sections. The cross sections associated
with the collapsed tube are denoted by Si and their respective position is denoted by zi for i = 1, ..., 11. The third line gives
the cross sectional area of each characteristic cross sections.
i1
0.0
228.64

input cross section
axial position (mm)
A (mm2 )

i2
83.7
228.64

S7
463.7
72.46

S1
107.2
142.84

S8
471.7
37.74

S2
318.7
131.47

S9
478.7
23.84

measurements taken over the whole length of the collapsible tube.
The area of the digitized cross-sectional contours were
identiﬁed to equivalent cross-section geometry, which were
obtained from a computation using the model proposed by
Ribreau et al. [21]. Brieﬂy, the deformation model of an
homogeneous inﬁnitely long elastic tube of constant thickness submitted to an uniform negative transmural pressure on its lateral surface is based on the shell theory. The
mechanical formulation corresponds to a two-dimensional
problem in curvilinear medium and each cross section is
described by a mid line, equidistant from the outer and
inner boundaries of the cross section. The mid-line deformation of the elliptical cross-section wall is assumed
to occur without length extension. Equivalent shapes of
each cross section were deﬁned by a set of 100 points located the wall mid-line in the positive quadrant (x ≥ 0
and y ≥ 0) of the Cartesian reference frame R. The coordinates of the points which deﬁne the wetted perimeter
are calculated from the coordinates of the corresponding
mid-line points, knowing the angle at each point between
ex and the clockwise oriented unit tangent of the mid line
and half the wall thickness. Luminal cross sections are
displayed in Figure 1. In this ﬁgure, the upper and lower
faces as well as the right and left edges have been deﬁned
in order to be used in what follows.

S10
485.7
100.98

S3
405.7
130.73
S11
490.2
142.84

S4
428.7
123.24

S5
447.7
116.24

o1
520.6
228.64

S6
457.7
92.73

o2
604.3
228.64

1.5

upper face
1
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edge
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Fig. 1. The nine selected cross section shapes S2 to S10 –
marked by one single symbol – respectively located in z2 to
z10 . The wall mid-line used for the cross section and the wetted
wall have been merged, i.e. the wall is assumed to have a zero
thickness. The selected cross section stations are marked by: S2
(◦ ◦ ◦), S3 (× × ×), S4 (+ + +), S5 (∗ ∗ ∗), S6 (), S7 (  ),
S8 (  ), S9 (  ), S10 (  ). In addition, the origin of
the arclength along the perimeter of the boundary cross section
– s = 0 – and the clockwise direction to describe the wall shear
stress along the perimeter are indicated. We have located the
upper and lower faces as well as the right and left edges.

2.2 Computational domain: tube geometry
The whole tube (length of L = 604.3 mm) is decomposed
into three main parts (Fig. 2): (i) a set of two uniform circular entrance pipe in series (length of 83.7 and 23.5 mm
with a radius of 8.54 and 6.75 mm respectively), the second short pipe modeling the rigid attachment; (ii) the collapsed tube (length of 383 mm) which is described in the
following paragraph; and (iii) a set of two uniform cylindrical pipes (length of 30.4 and 83.7 mm with a radius of
6.75 and 8.54 mm respectively), the ﬁrst short pipe being the outlet attachment. The set of two circular uniform
pipes in series at both inlet and outlet are called hereafter
attachment ducts. The cross sections at both ends of the
inlet attachment duct of the collapsed tube are denoted
by i1 and i2 , those which are located at the outlet are
denoted by o1 and o2 .
The collapsed tube is subdivided, in the stream-wise
direction, into three successive segments: (i) a tapered segment (length of 364.5 mm) which starts with the inlet at-

tachment duct; (ii) a contact segment (segment lying between the cross sections of the point-contact and the linecontact; this length is close to 7 mm, i.e. of 1.16% of the
entire tube length or 1.83% of the collapsed tube length);
and (iii) the reopening segment (length of 11.5 mm), which
is attached to the outlet attachment duct. The contact segment is equivalent to a set of two symmetric outward channels; the edge x-coordinate increases because the central
contact segment rises in length but the lumen decreases.
The reopening segment diverges but not uniformly: the
top and bottom walls diverge whereas its edges are convergent (see Fig. 3a, b).
Fourteen portions Ti deﬁne the whole tube and each
portion Ti is bounded in the stream-wise direction z by
two cross sections: (i) two in the set of entrance attachment ducts T1 and T2 (the ﬁrst is situated between cross
sections i1 and i2 ; and the second between i2 and S1 ); (ii)
ten in the frozen collapsed tube from T3 to T9 (between S1
and S8 ) describing the tapered segment, T10 (between S8
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Fig. 2. Geometry of the collapsed tube with the measurement stations S1 to S11 . The cross sections of the cylindrical duct,
whose the cross section is circular, located at the inlet of the collapsed tube are denoted by i1 and i2 . The cross sections of the
cylindrical duct, whose the cross section is circular, located at the outlet of the collapsed tube are denoted by o1 and o2 .

and S9 ) being the contact segment, T11 (between S9 and
S10 ) and T12 (between S10 and S11 ) deﬁning the reopening
segment; and (iii) two in the set of exit attachment ducts
T13 (between S11 and o1 ) and T14 (between o1 and o2 ). In
the divergent, the cross section S10 has a shape between
those of S5 and S6 .
In the sub-section which follows, the mathematical formulation of the ﬂow modeling is presented as well as its
numerical traitement which is based on a ﬁnite element
method.
2.3 Flow modeling
The governing equations for the incompressible steady
ﬂow through the tube are given the Navier-Stokes equations which express the conservation of mass and momentum:
∇ · u = 0;

(u · ∇)u = − ∇pi + ν∆u,

(1)

where ∇, ∇· and ∆ symbols are respectively gradient, divergence and Laplace operators. Moreover, u is ﬂuid velocity, pi is the ﬂuid pressure and ν is the ﬂuid kinematic
deﬁned by the ratio µ/ρ, where µ and ρ are respectively
the ﬂuid dynamic viscosity and the ﬂuid density.
In the formulation proposed in the present work, the
pressure and body force are scaled by the ﬂuid density.
This formulation is commonly used in the ﬁeld of computational ﬂuid mechanics [22,23]. The advantage of this
formulation lies in the fact that the same equation can
have three interpretations: (i) if the kinematic viscosity is
zero, the Navier-Stokes equations give Euler’s equations
for an incompressible ﬂuid; (ii) if the kinematic viscosity
is not zero, the classical Navier-Stokes equations are written with dimensional variables; (iii) if the velocity and
the pressure ﬁelds represent non-dimensional variables,
the kinematic viscosity is interpreted as the inverse of the
Reynolds number. In the present work, the dimensional
version of Navier-Stokes equations is preferred because the
tube geometry came from image acquired in an experimental set-up. Furthermore, the conservation of momentum
(1) gives the Stokes equation when the convective term
is neglected. This last equation is used for computation
initialization in the ﬁnite element method.

2.3.1 Boundary conditions
Let Γ1 and Γ2 be the inﬂow and outﬂow cross sections of
the computational domain Ω respectively and Γ3 the tube
wall. The boundary conditions are:
u = uΓ ez on Γ1 ,

pi = 0 on Γ2 ,

u = 0 on Γ3 , (2)

where uΓ is the uniform injection velocity.
The ﬁrst relation given by (2) imposes a ﬂat velocity
proﬁle at the inlet and the last is the classical no slip
condition on the lateral surface of the tube. The second
relation (2) expresses an outﬂow condition applied to the
boundary Γ2 .
2.3.2 Wall stress
At each point of the boundary Γ3 of Ω, the viscous stress
vector τ associated with the viscous stress tensor T, due
to the scale, is deﬁned by:
τ = T · n = 2ν D · n,

(3)

where n is the inner unit normal vector of the boundary
Γ3 and D is the rate of strain tensor deﬁned by:
D=

1
(∇u + ∇uT ),
2

(4)

where the superscript T denotes the transpose operator.
The stress vector τ can be split into a normal and a
tangential component respectively given by:
τ n = (τ · n)n,

τ s = (I − n ⊗ n) · τ

(5)

where ⊗ means the tensor product.
The relation (3) can be expressed in the Cartesian basis (ex , ey , ez ) by:


τ = ν (2ux,x nx + (ux,y + uy,x)ny + (ux,z + uz,x )nz ex


+ (ux,y + uy,x )nx + 2uy,y ny + (uy,z + uz,y )nz ey

 
+ (ux,z + uz,x )nx + (uy,z + uz,y )ny + 2uz,z nz ez . (6)
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(a)

S6

S7

S8 S9 S11

O1

O2

(b)
Fig. 3. (a) 3D surface mesh of distal segment of the collapsed tube and the outlet cylindrical duct in series. (b) Top view in
the centerplane (y = 0) of the portion of interest in the contact segment and in the outlet attachment duct.

In the last relation, the x-component of u in the Cartesian basis (ex , ey , ez ) is denoted by ux . The partial derivative of ux with respect to y is designated by ux,y . The
same notation is used for every vector component and every partial derivative.
To obtain the decomposition into the sum of two vectors described by (5), the stress vector τ is expressed in a
local basis. On the surface Γ3 , let t the transverse tangent
unit vector, which is perpendicular to n and belongs to
the plane of the cross section. The vector t is tangent to
the boundary of the cross section and is oriented in the
anticlockwise direction. Let b = t ∧ n, where ∧ designates
the cross product. The unit vector b is parallel to ez in
the straight segments of the test section but not in its
collapsed part. The Frenet trihedron (P ; n, t, b) is then
deﬁned in each point P of Γ3 . The vector τ is expressed
in this trihedron with its components (τt , τn , τb ) by the
following formula:
τ = τn + τs
= J [(ty bz − tz by )τx + (tz bx − tx bz )τy

+(tx by − ty bx )τz ]n + J [(by nz − bz ny )τ̃x
+(bz n5 34x − bx nz )τy + (bx ny − by nx )τz ]t
+[(ny tz − nz ty )τx + (nz tx − nx tz )τy

+(nx ty − ny tx )τz ]b ,

(7)

where J is the determinant of the Jacobian matrix of the
Cartesian-to-Frenet frame change:
J = bx (ny tz − nz ty ) − by (nx tz − nz tx ) + bz (nx ty − ny tx ).
(8)
2.4 Numerical method
2.4.1 Mesh generation
The tube geometry is symmetric with respect to the
meridian plane normal to the centerplane (i.e. x = 0)
and to the centerplane (i.e. y = 0). Thus, a mesh for the
quarter of the conﬁguration is ﬁrst generated. This mesh
is deﬁned for z ≥ 0 and in the positive quadrant of the
plane deﬁned by x ≥ 0 and y ≥ 0. For each portion Ti
(i = 1, 2, . . . , 14), the ﬁve surfaces of interest are: quarters of two successive cross sections (Si , Si+1 ), the lateral
surface deﬁned between these quarters of cross sections
and the two surfaces corresponding to the intersection of
the tube geometry and the symmetry planes.
Only a quarter for each input cross section Si , the one
in the positive quadrant, is meshed. Each mesh is obtained
from the coordinates of the points of the wall contour but
also segments on axes x = 0 and y = 0. The cross section
wall is deﬁned from the minimum number of 15 points
ﬁtting the wall contour. The 15 point distribution is not
uniform along the arclength between two consecutive cross

200

The European Physical Journal Applied Physics

sections Si because wall curvature changes from one cross
section to the other; their cross coordinates (x, y) vary
thus from one cross section to the next one. In addition,
the mesh is reﬁned with a thick layer at the lateral surface
to avoid a discontinuity in the velocity ﬁeld at the domain
entry. Uniform injection velocity at the inlet still results
in high entry wall shear stress.
Once the fourteen surfaces are meshed for each quarter of the geometry, they are assembled to give the piece
of interest. Then the intersection surfaces are merged to
give the test section surface of the geometry quarter.
Finally, the three-dimensional domain is meshed using
the TetMesh-GHS3D software (INRIA research project
GAMMA [24], sold by Simulog [25]). It creates automatically and quickly a tetrahedral volume mesh out of a closed
triangular surface mesh, under the condition that the surface meshed has neither no surface holes nor intersections.
The whole mesh is carried out by two successive symmetries with respect to x = 0 and y = 0 planes to avoid numerical artifacts due to mesh asymmetry. A part of this
mesh, focused on the contact segment and the reopening
segment, is displayed in Figure 3a. Moreover, the top view
in the centerplane (y = 0) of the segments of interest is
shown in Figure 3b. The numbers of vertices and of tetrahedra are equal to 15.538 and 76.484 respectively.
2.5 Numerical solution of the Navier-Stokes equations
2.5.1 Weak formulation
The numerical solution of the Navier-Stokes equations is
based on a variational formulation of the governing equations which is deﬁned by:
ﬁnd u ∈ V and pi ∈ Q such that:

a(u, v) + c(u; u, v) + b(v, pi ) = 0, ∀ v ∈ V0
(9)
b(u, q)
= 0, ∀ q ∈ Q
where the bilinear forms a: V×V −→ R and b: V× Q −→
R are deﬁned by:


a(u, v) = ν
Tr (∇ u)T ∇ v dv, ∀ u, v ∈ H1 (Ω)
Ω

and
b(v, q) = −


Ω

(10)
q ∇ · v dv, ∀ v ∈ H1 (Ω), ∀ q ∈ L2 (Ω)

(11)
where Tr designates the trace operator, dv is the diﬀerential element of the volume and R the set of real numbers.
The trilinear form c: V × V × V −→ R is deﬁned by:

w · ∇u · v dv, ∀ u, v, w ∈ H1 (Ω). (12)
c(w; u, v) =
Ω

Throughout, H1 (Ω) and L2 (Ω) denote respectively the
Sobolev space of order 1 deﬁned on Ω for vector-valued
functions and the space of functions that are square integrable in the Lebesgue sense with respect to Ω.

In this variational formulation, all terms make sense if
the following test function spaces are chosen:
V0 = v ∈ H1 (Ω) | v = 0 on Γ1 and Γ3 ,

(13)

1

V = u ∈ H (Ω)| u = uΓ ez on Γ1 and u = 0 on Γ3 , (14)
Q = L2 (Ω).

(15)

2.5.2 The discrete problem
The spatial discretization is based on ﬁnite elements deﬁned with the aid of the P1 bubble/P1 element where velocities and pressure are respectively approached [26]. On
each tetrahedra element, the pressure pi is deﬁned at the
four vertices of the tetrahedron (P1 element) and the velocity u at both the vertices and the barycentre (P1 bubble
element). Even in the case of a steady ﬂow, the computational method is based on the search of the solution of
the equations describing an unsteady ﬂow. In this case,
the time plays the role of a parameter which allows the
iterations until convergence — steady ﬂow. The time discretization uses a fractional step scheme of order 2 which is
described by Boukir et al. [27]. The convection step is processed by a characteristic method [28]. The computation
is initialized as a Stokes problem. The solution is obtained
via a generalized Uzawa-preconditioned-conjugate gradient method [22]. The order of the method is O(ξ 2 ) for u
and O(ξ) for pi in the L2 (Ω) norm where the parameter
ξ is the characteristic size of the tetrahedron.
The solution convergence towards a steady ﬂow is
based on the L2 (Ω) norm of the residuals of the ﬂow
quantities which is quickly divided by, at least, a factor
of 10−5 and remains nearly constant. Convergence is usually obtained after a time lower than the duration to cover
a characteristic line [28], used to compute the non-linear
convection term, with the suitable time step. The distance
travels by the characteristic line is usually equal to four
times the tube length.

2.5.3 Computation of the wall viscous stress vector
The wall stress vector is computed once the velocity ﬁeld
is known, especially at the nodes of boundary tetrahedra.
In addition, only the information obtained at the vertex
of each element are used to simplify the computations.
Thus, owing to the type of ﬁnite element used, the velocity ﬁeld is class C 2 (Ω) (C 2 (Ω) designates the space of
all two time continuously diﬀerentiable functions). Using
relation (4), we have calculated the rate of strain tensor
from the 3D velocity ﬁeld and the viscous stress tensor T.
To this end, we have used an interpolation by Lagrange
polynomials of degree one. Accordingly, the viscous stress
tensor obtained on each tetrahedron is constant and can
diﬀer substantially when calculated in adjacent elements
if a coarse ﬁnite element is used. When the ﬁnite element
mesh is reﬁned, the diﬀerences between adjacent elements
decrease but the spatial variations of the stress tensor remain discontinuous at the facets between two adjacent
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3 Results and discussion
The arclength along the quarter of the wall of cross section is convenient to display the results. The arclength
origin from which the contour is covered in the clockwise
direction, is located at mid-face of the upper wall, i.e.
at the intersection point between the wall and the y-axis
(Fig. 1). The opposite wall is deﬁned as the lower face. The
junctions of both faces deﬁne the right and left edges, i.e.
intersection of the wall and x-axis.
3.1 Velocity
The velocity ﬁeld is displayed using the velocity variation
along the centerline, the velocity proﬁles along the symmetry axes in the input cross sections and the vector plots of
the projected velocities in the cross-section planes. The results are presented in order to detail the three-dimensional
structure of the ﬂow, with lateral jets and ﬂow separations
in the pinched and reopening segments of the tube.
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elements. Once the unit normal vector on all the facets of
the lateral surface Γ3 determined, the viscous stress vector
is computed from the viscous stress tensor accordingly to
relation (6). Since the viscous stress tensor is constant, the
viscous stress vector is also constant on each facet of Γ3 .
The local basis deﬁned by the Frenet trihedron associated
with each facet of Γ3 is determined from the unit normal vector of the corresponding facet. The viscous stress
vector obtained previously is then projected in the local
Frenet trihedron by using the relations (7) and (8). From
this vector which is calculated on each facet of Γ3 , the viscous stress vector at each node of Γ3 is computed using a
weighting procedure. For a given node on Γ3 , a weighted
average of the whole set of the contributions of the neighboring facets is computed using the area of the facet as
the weighting factor.
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Fig. 4. Variations of axial velocity component uz along the
centerline of the test section from S7 cross section station. On
the curve, the position of cross sections has been marked by a
bullet point (•).

Consequently, the ﬂuid ﬂows outside the tube axis, along
the wetted sides of the contact segment. The negative centerline velocity in the reopening segment is explained by
ﬂow separation behind S9 , as observed at a trailing edge
of an immersed body. In the upstream part of the reopening segment, the ﬂuid conveyed at high speed from each
lateral channel separated by the contact walls moves toward the tube axis. Downstream from S11 , the centerline
velocity increases to a maximum which is located slightly
upstream from o1 between the two tubes of the exit attachment duct. Downstream from o1 , the centerline velocity decreases slightly to reach an almost constant value
throughout most of the length between o1 and o2 . The
centerline velocity in this segment is nearly equal to its
entrance value.

3.1.2 Velocity profiles in the y = 0 plane
3.1.1 Centerline velocity
The variations of the axial velocity component uz along
the tube centerline from the S7 is given in Figure 4. The
centerline velocity reaches its maximum upstream from
and near S8 . In S8 , the opposite walls (here deﬁned as
the upper and lower faces) are in contact at a single point
located on the centerline. This point, which corresponds
to the vertex of the leading edge of the contact segment,
is impacted by the ﬂow. Moreover, S8 has the smallest
cross-sectional area of the tapered segment (Tab. 1). Its
area has been indeed divided by about four from its value
at the tapered tube entry. Upstream from S8 , the centerline velocity rises. But the centerline velocity value do
not give the highest velocity at a given axial station. The
maximum velocity is indeed displaced towards the tube
edges in the downstream segment of the tapered part due
the formation of the two sideways streams. Downstream
from S8 (between S8 and S9 ), the mid-faces are in contact.

Figure 5 gives the uz proﬁle in the centerplane (plane
y = 0) in the cross-section set S1 to S11 and o2 . For the
sake of clarity, the ﬁgure has been split in two parts: (i)
Figure 5a for the stations in the tapered segment S1 to
S7 ; (ii) Figure 5b for stations in the contact and reopening
segments S8 to o2 . In the tapered segment, the decrease in
cross-sectional area is ﬁrst associated with a ﬂattening of
the upper and lower faces and then with a curvature inversion at mid-faces. Whereas the y-coordinate of the midfaces decreases in the stream-wise direction from S1 to S7 ,
the x-coordinate of the tube edge increases. The change in
cross sectional shape is greater in the downstream segment
of the tapered tube part than the upstream contact segment. In Figure 5a, the velocity proﬁles are plotted over
the x-axis; the length of which increases when the cross
section is located farther and farther from the tube entry
because the edges becomes farther and farther to the centerline. At the opposite, in the reopening segment from S9
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Fig. 5. (a) Variations of axial velocity component uz along
the x-axis at the selected cross section stations: S1 (× × ×),
S2 (+ + +), S3 (∗ ∗ ∗), S4 (), S5 (  ), S6 (  ),
S7 (  ). This region of the collapsed tube characterizes
convergent part. (b) Variations of axial velocity component
uz along the x-axis at the selected cross section stations: S8
(× × ×), S9 (+ + +), S10 (∗ ∗ ∗), S11 (), o2 (  ). This
region of collapsed tube characterizes successively the contact
segment, divergent tube part and exit straight duct.

to S11 , the upper and lower faces are divergent whereas
the edges are convergent. In the reopening segment, the
length of the x-axis decreases when the cross sections is
located closer and closer from the tube exit, because the
edges becomes closer and closer to the centerline. In Figure 5b, the velocity proﬁles are plotted over the x-axis;
the length of which decreases when the cross sections is
located farther and farther from the tube entry because
the mid-faces becomes closer and closer to the centerline.
Since the velocity proﬁle is ﬂat at the inlet cross section
i1 (uniform injection velocity), a boundary layer develops
in the stream-wise direction but the velocity proﬁle in S1

exhibits a very slightly developed ﬂow. Between S1 to S2 ,
the velocity has been multiplied by a factor of about 2
while the cross-sectional area decreases (8% in relative
diﬀerence). Station S2 (211.5 mm downstream from S1
and 153 mm upstream from S8 ) is deﬁned by nearly ﬂat
mid-face regions. The velocity proﬁle in S2 is characterized
by two lateral velocity maxima. These maxima are located
about half-way between the tube axis and the edges. The
relative diﬀerence between the centerline velocity and the
velocity maximum is equal to about 30%. The position in
the cross section of the velocity maxima remains in the
centerplane and migrates towards the edges as the cross
section is closer to the contact zone. It becomes close to the
edge wall in S7 . Whatever the axial position, the velocity
gradient near the wall is large.
In the contact segment from S8 to S9 , each peak velocity is close to the tube edge. Whereas the cross-sectional
area decreases with a factor of about 37% between S8
and S9 , the maximum velocity is multiplied by a factor of
about 1.8 (relative diﬀerence of 53%) over this short distance. Downstream from S9 , the maximum velocity gradually goes centerwards. In the reopening segment, the velocity proﬁles are dromedary-back shaped. In S11 , its value
is slightly lower than the peak value in S8 (relative diﬀerence of 9%). In S8 and S9 , the velocity decreases highly
in the inward direction and strongly near the wall contact as well as near the edges. In contrast, the velocity
decreases abruptly from its maximum and reaches negative values in the core region of S10 and S11 . Reversed
ﬂow in the core region of the centerplane of the reopening segment is exhibited by negative axial velocities. The
minimum velocities in S10 and S11 are located on the centerline. The relative diﬀerence between the velocity minimum and maximum are equal to about 1% in S10 and
20% in S11 . Whatever the axial position, the velocity gradient near the wall remains large. In S11 , located 11.5 mm
downstream from S9 , the ﬂow remains greatly disturbed.
Further downstream, the ﬂuid continues to ﬂow inwards
in the exit pipe.
3.1.3 Velocity profiles in the x = 0 plane
Figure 6 shows uz proﬁles in the x = 0 plane. In S1 , the
velocity proﬁles in the x = 0 and y = 0 planes are quantitatively similar in Figure 5a and in Figure 6a. Further
downstream in the tapered segment, velocity maxima are
located in or close by the centerline. The velocity proﬁles are plotted over the y-axis; the length of which decreases when the cross sections is located farther and farther from the tube entry because the mid-faces becomes
closer and closer to the centerline. The maximum velocity increases by a factor of about 2 between S1 and S7 .
Whatever the axial position, the velocity gradient near the
wall is large. In contrast with the velocity proﬁles along
the x-axis (Fig. 5a), the velocities are negative or null
along the y-axis in the contact and reopening segments
(Fig. 6b). Because S9 is characterized by a contact line
between its opposite walls, no ﬂuid ﬂows along the y-axis
and its neighboring region (no curve for this input station
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Fig. 6. (a) Variations of velocity component uz along the yaxis at the selected cross section stations: S1 (× × ×), S2 (+ +
+), S3 (∗ ∗ ∗), S4 (), S5 (  ), S6 (  ), S7 (  ).
(b) Variations of velocity component uz along the y-axis at
the selected cross section stations: S8 (× × ×), S9 (+ + +), S10
(∗ ∗ ∗), S11 (), o2 (  ).

in Fig. 6b). In the outlet attachment duct, slightly upstream from o1 , the axial velocity is positive throughout
the x = 0 plane.

203

duct. Because the wall mid-face regions are divergent, the
jet momentum diﬀuses across the tube lumen, especially
upwards and downwards. In the outlet attachment duct
(circular cross section), four high velocity regions, with a
magnitude close to the highest velocity observed in S7 , appear near the y-axis at a height of about the half radius.
Consequently, abrupt changes in the velocity distribution
occur in the exit pipe.
Velocity components in the planes of the cross sections
are displayed from S4 to S11 in Figure 7. Cross currents,
here deﬁned as the streams displayed by the velocity components (ux , uy ) in the plane of the cross section, provide an useful tool to describe and to analyze the threedimensional nature of the ﬂow. In the upstream part of the
tapered segment, the velocity vector plots show four swirls
located in the four quadrants of the cross section with respect to two symmetry axis. These swirls are symmetrical
with respect to both the x and y axes. The motion in the
positive quadrant (x ≥ 0 and y ≥ 0) is anticlockwise (e.g.
Fig. 7a). Downstream from S5 down to S8 , the wall converging upper and lower mid-faces play the role of sources
with cross currents towards the core region and along the
wall. Sinks are located at the edges as shown from Figure 7b–d. In the contact segment, the source-sink type
of secondary motion is also observed as displayed in Figure 7e, f. Here, the source is located at the contact point
between opposite walls. In the reopening segment, high
cross currents near the edges are the images of the jets exiting from the lobes, with an inwards and up(down)wards
direction. Moreover, a set of four swirls, which are centered
in the core region, appears. Downstream from S10 additional swirls are located near the mid-face to form twin
eddies in each quadrant of the cross section (Fig. 7g, h).
This is more obvious from Figure 8a, b which display the
ﬂuid trajectories in the cross sections. At the exit of the
outlet attachment duct, the cross currents become negligible due to the selected exit boundary conditions.

3.2 Wall shear stress
The variations of axial τb and cross τt components of the
wall shear stress (in Pa) are plotted in the input cross
sections Si along the quarter of the arclength s (iso-z, τ
vs. s curves) or along lines of given s (iso-s, τ vs. z curves).
The cross component is deﬁned by the vector component
in the plane of the cross section. In the case of the shear
stress, the component of interest τt is tangential to the
wall.

3.1.4 Velocity cross displays
Thiriet and Ribreau [15] has shown that the maximum velocity was located outwards in the centerplane, in agreement with the velocity proﬁles plotted in the centerplane
in the present work. Downstream from the lobes of the
contact segment, two inwards jets occur in the reopening
segment characterized by converging edges and diverging
mid-faces. The jets, deﬁned by high ﬂuid velocities, persist throughout the upstream half of the outlet attachment

3.2.1 Axial component τb of the wall shear stress
Spatial changes in wall shear stress along the wetted
perimeter χ at the selected cross sections are illustrated in
Figure 9. For the sake of clarity, the ﬁgure has been split
in two parts: (i) Figure 9a for the stations in the tapered
segment S1 to S7 ; (ii) Figure 9b for stations in the contact
segment. The perimeter χ = χ0 is constant for the set of
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selected axial stations because these collapsed conﬁgurations correspond to transmural pressure p > p , where p
is the line-contact pressure [9]. In the cross sections of the
tapered segment, τb decreases from its mid-face (s = 0)
value with increasing s down to a minimum and then rises
to its edge value (s = χ0 /4). The variations of the wall
shear stress (Fig. 9a) are higher and higher when the cross
section is located farther and farther from the tube entry.
In the contact segment, τb increases from s = 0 up to its
maximum which is closer to the mid-face in S8 than in
S9 (Fig. 9b). It decreases then down to a minimum and
then rises up to its edge value. In the reopening segment,
τb increases from s = 0 to s = χ0 /4 (Fig. 9c). Its value
is negative over about the inner third of χ0 /4.
Spatial variations in τb have also been plotted along
two lines deﬁned by s = 0 and s = χ0 /4 shown in Figure 10a, b respectively. These two circumferential positions correspond to the common nodes of the discretized
wall whatever the cross section. In the collapsed tube,
τb is positive at the edge but it becomes null or negative at mid-face between S10 and S11 due to ﬂow reversal
(Figs. 5a and 6b). At the opposite, τb becomes negative
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Fig. 9. (a) Variations of shear stress component τb along the
arclength s at the selected stations: S2 (× × ×), S3 (+ + +),
S4 (∗ ∗ ∗), S5 (), S6 (  ), S7 (  ). This region of the
collapsed tube characterizes convergent part. (b) Variations of
shear stress component τb along the arclength s at the selected
stations: S8 (× × ×), S9 (+ + +). This region of the collapsed
tube characterizes strongly collapsed part. (c) Variations of
shear stress component τb along the arclength s at the selected
cross section stations: S10 (× × ×), S11 (+ + +). This region
of the collapsed tube characterizes the divergent part.
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in Figure 11. In the upstream part of the tapered segment,
i.e. from S2 to S4 , τt remains nearly constant because the
ﬂow in this region is not highly disturbed by the downstream wall contact (Fig. 11a). At the opposite, in the
downstream part of the tapered segment, i.e. from S5 to
S7 , τt decreases from s = 0 with increasing s down to
a minimum and then rises to its edge value (s = χ0 /4).
Due to the direction of the cross current from the mid-face
to the edge (Fig. 7d), τt is negative. In S8 (contact segment), τt decreases quickly to a minimum which is equal
to about two third of the local value of τb . The sudden decrease in τt near the wall contact is explained by the strong
outwards motion of the ﬂuid streams which enters in the
lobes, as demonstrated by the cross currents (Fig. 7e). It
rises then gradually to its zero value at the edge. In S9 ,
spatial changes in τt along s exhibits three extrema: a
ﬁrst maximum near the wall contact, then a minimum at
a cross site close to the location of the ﬁrst maximum, and
a second maximum near the edge (Fig. 11b). The values
of τt in S9 are much lower than in S8 ; but its minimum
is twice the minimum in S7 . In the reopened part, τt is
negative over about one third of χ0 /4. Along this perimeter part, τt decreases to a minimum which have the same
magnitude than the local value of τb . With increasing s,
τt rises up to its maximum near the edge, which is about
twice the minimum in absolute value, to decrease then to
zero at the edge. In S10 , the maximum value of τt is about
half the local value of τb while in S11 it is about 1.5 times
the local value of τb (Fig. 11c). At the mid-face and at the
edge for every selected station, τt is equal to zero due to
the sink-source motion type of the cross currents.
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Fig. 10. (a) Variations of shear stress component τb along the
tube length at the mid-face (x = 0 plane). On the curve, the
position of cross sections has been marked by a bullet point
(•). (b) Variations of shear stress component τb along the tube
length at edge (y = 0 plane). On the curve, the position of
cross sections has been marked by a bullet point (•).

at the edge in the entrance segment of the outlet attachment duct due to another ﬂow reversal while the lateral
jet is going towards the centreline. The axial component
τb remains almost constant between S1 and S5 at both the
mid-face and the edge. The component τb rises abruptly
from S5 to its maximum in the contact segment for both
selected values of s and decreases rapidly in the reopening
segment. In both the inlet and outlet attachment ducts,
τb reaches similar values.
3.2.2 Cross component τt of the wall shear stress
Spatial changes in cross component τt of the wall shear
stress along χ0 at the selected axial stations are illustrated

The Navier-Stokes solver has been tested using various
benchmarks with internal and external ﬂows. Diﬀerent
common kinds of immersed bodies (cylinders, spheres)
were investigated before carrying out numerical tests
around cars, train wheels, planes and boats (see e.g. [22]).
Usual benchmarks were also explored for pipe ﬂows, like
backward steps. Comparison between numerical and experimental results of time-dependent ﬂows in a 90 degree
bend (curvature ratio of 1/10) shows a good agreement (in
particular, the maximum velocity moves from the outer
edge to the inner bend during the ﬂow cycle [29]).
Checking was carried out in four complementary directions. (i) Numerical simulations were performed on
straight collapsed tubes of axially uniform cross section at
diﬀerent Reynolds number using two Navier-Stokes solvers
based on diﬀerent ﬁnite element type [18]. The maximum
relative diﬀerence between the two velocity ﬁelds is lower
than 9%, using the same meshes for each investigated
cases. The mean relative diﬀerence is equal to about 4%.
(ii) Flow quantities computed downstream from the entry
length in the straight tubes of uniform circular cross section at diﬀerent Reynolds number were compared to the
Poiseuille solution. The numerical solutions of the ﬂuid
velocity and the wall shear stress are respectively calculated with a maximal relative error of 3% and 4% for
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Fig. 11. (a) Variations of shear stress component τt along the
arclength s at the selected stations: S2 (× × ×), S3 (+ + +),
S4 (∗ ∗ ∗), S5 (), S6 (  ), S7 (  ). This region of the
collapsed tube characterizes convergent part. (b) Variations of
shear stress component τt along the arclength s at the selected
stations: S8 (× × ×), S9 (+ + +). This region of the collapsed
tube characterizes strongly collapsed part. (c) Variations of
shear stress component τt along the arclength s at the selected
cross section stations: S10 (× × ×), S11 (+ + +). This region
of the collapsed tube characterizes divergent part.

In ﬂow chambers, the shear stress was shown to aﬀect the
endothelial cell functions not only by its local magnitude
but also by its space and time gradients. The present work
deals with steady ﬂow; consequently, only spatial gradients
are considered. Previous investigations were carried out in
rigid straight pipes characterized by an uniform cross section whose shape mimics uniformly collapsed tubes. Such
conﬁgurations might be observed in inclined deformable
vessels when viscous eﬀects balance hydrostatic forces [9].
The cross shape with its change in wall cross curvature induces transverse gradients in wall shear stresses. Because
the ﬂow in the present experiment is not fully developed,
there is also an axial gradient in wall shear stresses. Such
studies were useful to provide the entry length and the
wall shear stress ﬁeld in experimental cell-coated pipes
with the same cross conﬁguration. In the present work,
the duct has the axial shape deﬁned by the axial transmural pressure gradient set in a stationary condition such
that wall contact occurs near its outlet, over a small but
signiﬁcant length. This axial conﬁguration, obtained by a
three-dimensional reconstruction from a Starling resistor
does not wholly mimic physiological state. However, the
tapered segment models ascending superﬁcial collapsed
veins (more compliant than the deep veins) of the inferior limbs in some circumstances. Iso-z, τb vs. s curves
are relatively diﬀerent from those obtained in uniformly
collapsed tubes with similar cross conﬁgurations in most
cross sections. Only in S9 , the axial wall shear stress have
spatial variations similar to those in uniformly collapsed
tubes with contact conﬁguration.
The location of τb maximum along the wetted wall of
the cross section depends on the distance between the opposite wall faces and the variations in wall curvature. A
linear relation between the wall shear stress and the wall
cross curvature may be found in Poiseuille ﬂow because
in this case the cross section is circular and the curvature
of its boundary is constant. However, when the cross curvature varies strongly, the relationships between the wall
shear stresses and the wall curvature of the cross section
are non-linear. Moreover, a drastic reduction in the cross
sectional area is associated with an increase in the axial
wall shear stress for a ﬁxed Reynolds number. Between S1
and S9 , the cross sectional area is divided by 6 whereas

208

The European Physical Journal Applied Physics

the shear stress maximum is multiplied by 13. Vein collapse might thus induce larger loading on the endothelial
cells with respect to dilated veins.

3.5 Literature data
The presentation of the literature works is focused on
3D experimental and numerical investigation in steady
collapsed tube. Laser-Doppler velocimetry has been performed in a rigid tube with a local bi-lobed stenosis
without contact of the opposite walls associated with a
transverse enlargement [30]. Such an very localized conﬁguration do not model accurately a collapsed conﬁguration. Nevertheless, this tube conﬁguration imposes two
lateral jets on edges as those already observed in a twodimensional domain [31]. Hazel and Heil [13] computed a
steady collapsed tube conﬁguration without contact of the
opposite walls. Once the tube conﬁguration is obtained,
these authors explored the ﬂow, prescribing a Poiseuille
ﬂow at the tube inlet and stress-free condition at the outlet. Poiseuille ﬂow is an usual boundary condition when
the steady laminar ﬂow is assumed to be fully developed
at the entry of the test section. It is associated with
much smaller wall shear stress than with uniform injection velocity. In the present work, the collapsed tube is
located downstream an inlet attachment duct in which
ﬂow is developing. Hazel and Heil used the ﬁnite element method with hexahedron associated with Q1 element (tri-linear basis function) for the pressure and Q2
element (tri-quadratic basis function) for the velocity. The
steady laminar ﬂow was studied for the three values of
the Reynolds number 64, 191 and 350, which is based on
the unstressed tube radius and the cross-sectional average velocity. Whatever the Reynolds number, the minimum cross-sectional area remains the same. The external
pressure is thus adjusted. Their collapsed tube is shorter
than our deformed pipe. In the most collapsed segment
of the test section, high velocity streams are found near
the edges. As in the present work, the velocity increases a
lot in this segment (Fig. 4 of [13]). Two symmetrical high
velocity streams appear upstream and inside the exit attachment duct. The momentum transport in this segment
of the test section is associated with vortices centered near
the tube axis displayed by the cross streamlines, especially
at Re = 350 (Fig. 9 of [13]). Such ﬂow features are similar
to our results. In absence of any wall contact, the ﬂuid is
ﬂowing in the core region throughout the whole collapsed
tube length.

4 Conclusion
The ﬂow of a Newtonian incompressible ﬂuid, governed
by the Navier-Stokes equations, is conveyed through a collapsed tube with a zone where the opposite walls are in
contact. The tube shape mimics a conﬁguration obtained
from ultra-sound measurements in a Starling resistor. The
ﬂow behavior is aﬀected by both the tube shape and by

the ﬂow conditions (a Reynolds number larger than 1000
associated with a maximum velocity of about 1.4 m.s−1 ).
The present computational model provides the spatial
changes in the velocity and the wall shear stress. The tube
conﬁguration yields a three-dimensional ﬂow with important gradient of the ﬂow quantities in both the streamwise and cross-wise directions. The three-dimensional ﬂow
structure in steady conditions is deﬁned by a set of swirls
in the divergent downstream from the contact segment in
the core behind the wall contact and along the diverging
walls. Two side jets emerging from the contact segment of
the collapsed tube run towards and outward the two tube
centerplanes respectively; they partially merge in the upstream segment of the exit attachment duct.
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30. C.D. Bertram, S.A. Godbole, J. Biomech. Eng.-T. ASME
119, 357 (1997)
31. C. Ribreau, S. Naili, A. Langlet, J. Fluid. Struct. 8, 183
(1994)

To access this journal online:
www.edpsciences.org

